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ABSTRACT
The On-farm grain storage bins are often built of hori­
zontally corrugated cold formed steel panels. The vertical 
rigidity of such panels is low, hence, the bins are provided 
with vertical stiffeners to carry the vertical components of 
the grain induced pressure. The stiffeners are usually made 
of thin walled steel members and are bolted at intervals to 
the inside of the wall. Locally, they behave as axially 
loaded members embedded in granular mass.
The objective of this study was divided into two parts;
(1) to improve the horizontal and vertical load component 
evaluation, and (2) to examine the restraining effect of the 
granular mass on the displacement and the postbuckling behaviour 
of embedded axially loaded thin walled members.
The horizontal and vertical components of grain pressure 
were calculated using a finite element programme initially de­
veloped by Mahmoud (36). The existing analysis was further 
improved through modified interface elements, taking into 
3-ccount both the interface and soil element.
For the longitudinal thin walled stiffeners, a nonlinear 
geometric and material finite element analysis was applied, 
based on energy principles. The effect of the grain surround­
ing the stiffeners was accounted for as lateral elastic sup­
ports with a constant coefficient of grain reaction. An 
incremental iterative approach, based on the Newton-Raphson 
method is applied.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
An experimental program was carried out to compare the 
analysis of the bin’s vertical stiffeners in the case of 
being embedded and not being embedded in the granular mass.
The presence of grain has a contributing effect on the 
load carrying capacity of the bin's stiffeners, the number of 
buckling waves, the absolute value of longitudinal stiffener's 
deformation and the stress distribution over the stiffener 
cross section.
2.2.
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NOMENCLATURE
[a ] displacement shape function
9.,b,h the plate dimensions, length, width, and
thickness, respectively.
[B] strain shape function
[C] elasticity matrix
[Cp] in-plane elasticity matrix
] bending elasticity matrix
{d} displacement vector
B flexual rigidity of plate
} displacement vector for nodal point i
} the calculated displacement vector for iteration (n)
 ^ calculated displacement vector for iteration (n-1)
} initial displacement vector
the calculated displacement vector for iteration (1)
{ }  the vector of the displacement's correction
R Young's modulus
Young's modulus of Grain 
R the modulus of grain reaction
[R] element stiffness matrix
ratio between the horizontal and vertical pressure 
tKg] linear elastic stiffness matrix
initial displacement matrix 
initial stress matrix 
I-^ ] granular material effect stiffness matrix
X I V
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[Kqi] the total stiffness matrix
Winkler spring constant
[Kq ] initial linear elastic stiffness matrix
[Kt ] the calculated stiffness matrix for
iteration (1)
[G] it is a matrix defined by the nodal co-ordinate
® the ratio between the horizontal and vertical
stress
U
^x' ‘4y., the moments in x, y, and z directions
/ k^, k.^  constant in Manbeck's relation
P the total increment load
Py/ Pg the forces in x, y, and z directions
{P } load vector
{Pj_} load vector for nGo&.l point i
^P]_} the calculate load vector in iteration (1)
 ^ the difference between the calculate load vector
in iteration (1) and the initial load vector
9 grain pressure
[R] transformation matrix for the nodal displacement
tRE] transformation matrix for the element
S displacement in the direction of grain pressure
ts] stress in the plate matrix
S stress deviationX y
' ^2' ^3 ' functions related to the plastic flow
^ displacement in X-direction
'3 internal strain energy
X' ^y/ the displacement in X, Y and Z direction.
respectively
X V
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V displacement in Y-direction
w
a
displacement in Z-direction
the lateral displacement at the centre of 
the plate
external work done
W work done due to the restraint of the
granular material
Wg strain energy due to the nonlinear strain
component
{"31} displacement constant vector
X' '^2'** *“ 24 displacement constants
t E} strain vector
{E ^  strain vector for bending action
 ^^  horizontal strain
(E ^ } strain vector for in-plane action
s ^  vertical strain
Ey the strain in x and y direction, respectively
the strain in xy direction
E , Ae the incremental stress
^ y
stress vector 
O' failure stress in the element
{0 } horizontal stress
the reduced stress in the element to be below 
the failure limit
"h
a
r
a
o
critical stress 
tension stress 
vertical stress 
the stress in x and y direction, respectively
XV i
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CT^  the incremental stress in x and y direction,
respectively
a„, 0 the principle stressesX y
Ac , Aa the principal stress at which the failure occursX' ““y
0
y
0
A t
xy
V
n
to shear stress
o , 0 a chosen principal stress to modify the shear
failure in the soil element
^Is *^ 3 most logical choice of the principal stress to
® modify the shear failure in the soil element
a_ the principal stress at which the failure occurs
due to tension stress
9^ rotation in x-axis
rotation in y-direction
0 g rotation in z-direction
the angle between the global and local axis
®*' the angle from the normal to the wall
^oct the octahedral shear stress
shear stressxy
incremental shear stress
Poisson's ratio
total potential energy
X V I  i
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CHAPTER 1 
INTRODUCTION
I.l GENERAL:
Grain bins made of cold-formed steel are widely used 
for the on-farm grain storage (Fig. 1.1). Their design is 
governed mainly by the horizontal and vertical components of 
grain pressure induced over the walls. The walls are often 
built of horizontally corrugated panels of low vertical rigidity 
while vertical stiffeners are provided to carry the vertical 
load component. These stiffeners are built of cold—formed 
steel members such as angles, channels or Z-sections.
The vertical load resistance of the bin walls 
is governed by the following two limit states:
1) The overall buckling of the stiffened cylindrical wall 
of the bin which has been examined by Ghobrial (20).
Herein, the stiffened bin walls are treated as if being 
made of equivalent orthotropic material. This analysis 
does not account for any failure of the individual 
stiffeners.
2) The vertical stiffeners are bolted to the corrugated 
panels in a zigzag distribution as shown in Fig. 1.2. 
Therefore, their load resistance could be governed by the 
capacity of the axially loaded, unsupported zone of the 
stiffeners. This becomes a problem of local or overall 
buckling as well as postbuckling behaviour of the stiffener 
between supports.
At present, the resistance of the axially loaded
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Fig. 1.1 Grain Bin Structure
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Fig. 1.2 Arrangement of Bin's 
S'fcif feners
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stiffeners is being determined with no consideration 
to the stiffeners being embedded in grain. It is expected 
that the load resistance is affected by the interaction 
between the lateral displacements of the plate components of 
the stiffeners and the pressure of the granular material.
^  evaluation of this effect is required to properly design 
the stiffeners. To the best of the author's knowledge, no 
publication is available and the need exists to develop an 
approach for evaluating the load resistance of axially loaded 
cold formed steel stiffener components embedded in granular 
niedia.
Also, at present, most of the designers of grain 
bins follow the classical approach to evaluate the grain 
pressure, not taking into account the interaction between the 
grain pressure and wall displacements. Yet, it is recognized 
that this interaction has considerable effect on the induced 
grain pressure, especially in the vertical directions (36 ) •
Recently, Mahmoud {35) analyzed the composite system 
granular material and bin wall as a continuum discretized 
a. number of finite elements connected at their common nodes, 
used three types of elements; (1 ) rotational solid triangular 
elements for the granular material; (2 ) shell elements for 
the bin wall; and (3 ) interface one-dimensional elements to 
Account for the bond or slippage between the bin wall and the 
granular material. This pioneer analysis accounts for the 
interaction between the grain pressure and wall deformation.
also accounts for failure of any granular element by assign- 
iug zero stiffness to its material.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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The accuracy of Mahmoudis finite element analysis 
uan be improved through modification of the interface element 
and through more realistic treatment of grain elements subjected 
bo failure conditions.
^•2 OBJECTIVE ;
The objective of this study was to evaluate the load 
induced on the vertical stiffeners as well as their load resist­
ance. This study includes the following:
Evaluation of the. vertical load components acting on the 
stiffeners by modifying the finite element technique developed 
by Mahmoud (3 6 ) as follows:
1- The type of interface criteria was changed from a
one-dimensional type element to a spring type interface 
element.
2. Tensile stresses and/or shear stresses in excess of
the failure limit of the granular material were redis­
tributed over the neighbouring unfailed elements, rather 
than using a zero stiffness matrix as in Mahmoud's 
study. This allows the failed elements to carry 
additional stress in the successive load increments.
Determinations of the load resistance of axially loaded 
vertical stiffeners embedded in grain through:
1- Developing a nonlinear elasto-plastic finite element 
computer program to analyze large displacement 
problems of cold-formed, steel sections.
2. Introduce the effect of the interaction between grain 
pressure and displacement of the stiffeners.
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CHAPTER 2
LITERATURE REVIEW
2-1 a n a l y s i s  o f  GRAIN BINS:
At the present, the analysis and design of grain bins 
follow one of the two following approaches:
Classical Approach:
The classical theories calculate the grain pressure 
With no consideration to the interaction between grain pressures 
9-nd wall displacements. The horizontal and vertical components 
°f grain pressure are calculated on the basis of different 
assumptions and follow different theories :
Janssen's theory (5 2)/ Modified Janssen's theory (2), 
and Reimbert theory (2) take into account the arching effect
the stored grain mass and transfers a part of its weight 
bo the bin wall as a vertical pressure. The main difference
between these theories is in regard to the definition of the 
^atio between the horizontal and vertical pressure "K^".
On the other hand, the concept of a sliding wedge of 
grain is applied in Coulomb's theory (65), Modified Coulomb's 
theory (2), and Airy's solution (3 5 ). Herein, the calculated 
pressure is acting at an angle $' from the normal to the wall.
Rankin's theory was derived to calculate the horizontal 
grain pressure based on the relation between the vertical grain 
pressure and the lateral pressure acting on the vertical plane 
Within the grain adjacent to the retaining wall.
New Approach:
A new approach has been recently developed (35 ) and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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^Pplied in the analysis and design of flexible grain bins.
Herein the composite system of the granular material and the 
bin wall is treated as a discrete system of finite elements 
connected at their nodes. This approach accounts for the inter­
action between the pressure of the granular material and the 
'^aformation of the steel structure. Three types of elements 
are used to present the composite grain bin structure. The first 
bype is axisymmetric ring elements to simulate the grain material, 
the second type is axisymmetric shell elements which can also be 
treated as a beam on elastic supports, and the third type is 
bhe interface elements which provide the connection between the 
grain and the bin. Relative displacement between the granular 
material and the bin wall is allowed to occur through the inter­
face elements. Some improvements are recommended for Mahmoud's 
Work for better evaluation of the horizontal and vertical 
pressure components along the bin wall. One of them is related 
to the type of interface element (one-dimensional) that was 
^sed by Mahmoud (36), i.e. a change of interface element is 
^ocommended for better evaluation of the actual stress at each 
^cdal point. Also, Mahmoud's treatment of assigning zero 
^^^bfness for failed soil and/or interface elements for the 
succeeding load increment, leads to unrealistic sudden change 
the calculated grain pressure (Fig. 3.5a). This procedure 
should be modified to reflect the actual stress transfer in the 
grain elements.
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2«2 POSTBUCKDING BEHAVIOUR OF COLD-FORMED STEEL SECTION 
EMBEDDED IN GRANULAR MATERIAL:
The grain bin's stiffeners are made of cold formed 
steel components. Their load resistance is governed
postbuckling, which includes the nonlinear geometric and 
niaterial effects, as well as the restraining effect of the 
granular material.
The problem of postbuckling of cold formed steel com­
pression members has been a subject to studies since the nineteen 
thirties (7 5). Different approaches, with different degrees of 
approximation, were adopted in order to develop some practical 
solutions. In the early years, the solutions were based on 
solving the Von-Kârmân's equations which govern the large deflect- 
ion of plates. Recently, and due to the advances in computers, 
i^umerical methods have been adopted which allow the modelling 
the various components to be as close as possible to their
3-ctual conditions.
“*■2-1 Closed Mathematical Approach:
Based on the equilibrium and compatibility conditions, 
two simultaneous differential equations are found to govern the 
behaviour of thin plates. These differential equations were 
tirst derived by Von-Kârmân in 1930 (.75) , the solution of which
the subject of many researchers such as Le'^ /y ( 32, 33 ) and 
Coan (12) who studied the postbuckling behaviour of thin plates. 
Also, approximate solutions for the large deflection problem 
^sing the energy method, were developed by Timoshenko (71), and 
^^■tguerre (A3). Herein, the boundary conditions considered 
When solving the governinc equations can be divided into two 
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parts. First, the edges which are parallel to the loading 
direction are considered to have zero normal and shear stresses 
(i.e. the edges are considered as stress-free) or to have 
^iform displacement. Second, the loaded edges are subjected 
to either uniform displacement, uniform stress, or uniform strain.
Levy ( 32, 33 ) solved the governing differential 
Equations by assigning a double fourier series for the functions 
deflection, stress, and normal pressure. He also extended 
Yon-Kàrmdn's formulation to account for initial curvature of the 
plates and modified his solution to impose the conditions of 
'Uniform pressure along the load edges. Coan, J.M. (i% ) , and 
^'^Gl-Sayed, G. (1) studied the behaviour of plates in which 
the edges parallel to loading are not restrained against lateral 
displacement, while uniform displacement is assumed at the loaded 
®dges. Their analyses show the variation of the axial stresses 
over the width of the plate and their concentration along the 
®dges at the postbuckling stage.
Yamaki, N. (79) provided a solution for the governing 
differential equations for large deflections using Marguerre's 
formulation (43 ) which accounts for initial imperfection. He 
Solved the problem for a rectangular plate with eight different 
oombinations of boundary conditions. As a continuation of his 
Work, the load carrying capacity is determined based on the 
ooncentrated stresses at the edges and the yield limit as defined 
by the maximum shear theory. He also verified his analytical 
^osults through an experimental program.
The closed mathematical solutions which are outlined 
b^i^fly tn :he above could be used to deal with problems of
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individual plates. However in the case of structural components 
niade of multiple plates (such as cold-formed steel components) , 
this approach can not handle all types of non-linearities due 
bo the complicated boundary conditions.
^*^*2 The Finite Element Approach:
For the plate analysis, the geometric non-linearity can 
be accounted for through: (1 ) using the strain-displacement
Relationship considering the large displacement terms, (2 ) con­
sidering the effect of the deformation on the equilibrium 
equation, or (3) accounting for the effect of the plate deform­
ation on the shape and the coordinates of the element.
In 1956, Turner, et al (7 2 ) developed various types of 
elements for general purpose, including the nonlinear analysis 
tor plates. Later in 196 0, and 1962, in addition to the linear 
^^tffness matrix, [K^], Turner et al (7 3 ) and (7 4 ) suggested a 
procedure for deriving the initial stress stiffness matrix, 
fHç,] , which accounts for the effect of initial stress. Martin, 
H.c. (44) gave the derivation of the initial stress stiffness 
^trix, [Kç,] , by using a potential energy formulation together 
With the nonlinear strain displacement relation by Lagrangian 
Green's strain. Also, he gave a brief summary of most of 
the work which was conducted between 1958—1965. Further, more 
Work on the derivation of the initial stress matrix has been 
*^one for other types of elements by Argyris et al (5 ), Gallagher 
®t al ( 19 ) , and Kaper and Hartz (28 ) .
Rajasekaran, S. and Murray, D.W. (54). followed the 
same technique to solve the nonlinear problems using the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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qeometrically nonlinear finite element analysis based on the 
total potential energy. That led to the equilibrium equation 
terms of Lagrangian displacement coordinates. The differ­
entials in the equilibrium equations gave a linear incremental 
equilibrium equation. In order to solve this equation, they 
derived an expression for an incremental stiffness matrix which 
became more general in the application for problems of different 
types such as: (1) truss element, (2) membrane element, (3)
plate bending element, (4) in-plane and bending element. The 
present analysis to derive the geometric stiffness matrix follows 
the same approach of their method. The displacement function 
Selected for the analysis presented herein is different from 
their work, also a rectangular plate element was used in the 
present formulation instead of triangular elements, which was 
Applied by them.
Following the approach of using the incremental stiff- 
^®ss matrix, Hibbitt, H.D., et al (26) modified the incremental 
formulation of finite element to be general for large displace- 
^ent and large strain problems. The analysis of large displace­
ment and finite strain problems is a special case of Hibbitt's
Solution.
Murray, D.W. and Wilson, E.L. (47) presented another 
approach to analyze the large deflection problem by updating the 
local coordinate to account for the geometric non-linearities. 
Dergan, p.g, and Clough, R.W. (7 ) used Von-Kârmân and Marguerre 
equations together with the finite element method to solve the 
^^Rge deflection problems for plates and shallow shells. A 
doubly curved, nonlinear quadrilateral element has been developed
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bo account for updating the deformation configuration for each 
element.
Direct solutions for material nonlinear problems have 
been proposed by many researchers. Bogner et al (g) used the 
Minimization of the potential energy to derive the matrix stiff- 
ness equations. Oden J.T. (49) and Oden J.T. and Kubitza, W.K.
(50) developed nonlinear stiffness relations for the nonlinear- 
Material problem. All the above work used the Newton-Raphson 
Method (8%) to solve the equations (stiffness matrices).
Numerical methods have also been developed for the 
PRsdication of the stress and displacement distribution for the 
incremental loading up to the elastic behaviour of the material.
In 1969 ^ Zienkiewicz, O.C., Valliappan, S., and King, I.P. (82) 
Presented a derivation of the elasto-plastic matrix to predict 
bbe stress distribution into the plastic range using an incremental 
approach based on the flow rule (45) . This problem was handled 
through the finite element method by assigning a limit of the 
stress, after which the relation between the stress and strain 
become nonlinear. Von-Mises yield criterion was the stress 
limitation which was used in that work. In the case of the 
Yield stress limit being exceeded, the difference between the 
'^^Iculated stresses and the yield stresses is distributed as 
fences at the nodal point of the yielded element acting along 
bhe neighbouring elements.
Around the same time Yamada, Y., and Yashimura, N. (78) 
’^sed Prandtl-Reuss equations to derive a relation between 
'=“hfesses and strain in the plastic range. The main objective
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was the plastic stress-strain matrix derivation and the choice 
of the appropriate and sufficient small varying load increments 
^specially at the yielding stage.
A combination between the non-linear elasto-plastic 
und geometric non-linearity behaviours became the interest of 
many researchers. Marcal, P.V. (42) presented a finite element 
solution based on the incremental stiffness matrix according to 
bhe nonlinear- elasto-plastic behaviour and the large deflection 
concept. A constant-stress tetrahedran element with 12 degrees 
of freedom was used in his work. This work is applicable in 
general cases as symmetric shells, and flat plates.
Little, G.H. (34 ) used the minimization technique for 
bhe potential energy principle following the Rayleigh-Ritz method 
bo determine the ultimate load carrying capacity of a thin plate 
subjected to transverse and compressive in-plane load. It 
accounts for the material and geometric nonlinearities. The 
Same objective has been presented in Eidsheim, O.M., and Larsen, 
(16) work. The incremental variational function of the 
^®^^^uger-Reissner type was the basis of their analysis of 
olasto—plastic shells. Two types of elements were used for 
^Gpresenting flat plate and shell problems, namely triangular 
^hd quadrilateral elements. The geometric nonlinearity was 
3-lso included in that analysis by updating the geometry of the 
Rtitiai configuration during the incremental stage.
The above outlined studies are for local behaviour of 
individual plates and not for the overall behaviour of sections 
‘Composed of plate components connected together. The compat- 
^^^^iby conditions, along connected edges, require specific
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assumption of the displacement functions and a special type 
of element with at least twenty-four degrees of freedom 
according to Lee, H.P., and Harris, P.J. (31 ) •
Lee, H.P. and Harris, P.J. (31 ) present a finite 
element formulation accounting for both geometrical and material 
nonlinearity to analyze the postbuckling behaviour for thin- 
walled structural members subjected to lateral load. Their 
'Objective was the study of a bending problem and not problems 
nxially loaded members. The material nonlinearity, which 
has been presented in Lee's work follows the flow theory of the 
plasticity and the stress limitation was based on the Von-Mises 
yield criterion. They considered all the parameters of interest 
bo the present study in their formulation, except the effect of 
the interaction between the granular material and the steel 
components. They considered all the six displacement gradients
unknowns in both of the initial displacement and initial 
stress matrices. This led to non-symmetric matrices. In order 
bo simplify the solution, they dropped the nonlinear terms of 
the stress expression using Mallett and Marcal (37 ) formulation 
for both of initial displacement and initial stress matrices. 
^3-jasekaran, S., and Murray, M. (54.) conclude that this matrix 
developed by Mallett is inappropriate in the case of problems 
'^ ith mainly membrane forces. The problem at hand is recognised 
bo be mainly a membrane problem, therefore its solution follows 
^ienkiewicz (81) formulation for nonlinear geometric analysis, 
th which the initial displacement matrix is a function of the 
lateral displacement gradients only, and the nonlinear terms 
the stress formula is accounted for in the initial stress
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matrix. That leads to a simple symmetric matrix, therefore 
Mathematical formulae are derived for both the initial 
‘displacement and initial stress matrices rather than applying 
3 numerical integration method (Simpson’s rule) as in Lee and 
Harris (3% ) analysis. Also the derivatives of the nonlinear 
P9.rt for calculating the stress in the initial stress matrix
accounted for in the present analysis, and not neglected as 
Rh their analysis. Lee s Harris selected a displacement function 
adequate for the study of the local postbuckling behaviour of 
the steel section made up of a number of plate components and 
^^^^Rlled the continuity condition along the bend edges.
Therefore, the displacement functions which are presented 
Lee's work, are also used in the present study.
^ ’^•2 Finite Strip Approach;
Some investigators used the finite strip method as 
alternative numerical technique to analyze the stability 
PRoblem (6 , 22 , 23 , 27 / 6 1 , 63)- The finite strip method is 
More powerful than the finite element method for some problems, 
such as, prismatic structure subjected to in-plane compression
load.
Graves, T.R. and Sridharan, S. (22, 23 ) presented a 
Solution for prismatic thin wall elements under compression 
loading. The analysis was based on the minimization of the 
Potential energy which accounted for the large deflection.
^Iso, Sridharan, S. and Graves-Smith, T.R. (63) studied the 
stability of sections made of more than two plate components, 
for example a box section. Here, two different cases are pre-
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seated. First, the connected edges between the plate com­
ponents are restricted to move perpendicular to each of the 
Connected plates. Second, the corner displacements are not 
Restricted. In this analysis, three harmonics represented the 
Out of plane displacement function while the in-plane displace- 
Ment was represented by seven harmonics. To introduce the 
Material nonlinearity and the effect of the lateral elastic 
support which represents the case of the section being embedded 
^  a granular material, the number of non-zero harmonics will 
increase rapidly and become extremely difficult to handle. 
Therefore, the finite element method is preferred for the 
analysis of the complicated problem at hand.
^*^•4 Experimental Results ;
Extensive experimental investigations have been conducted 
Po examine the buckling mode and the postbuckling behaviour of 
Cold-formed steel members.
Walker (76 , 77) conducted a series of experimental 
basts to study the postbuckling behaviour of plates and open 
bhin walled lipped channel sections subjected to linear, varying 
Compressive loading. In 1966 (77 ), Walker used a closed mathe- 
Matical formulation based on the fundamental differential equation 
b° formulate a series of homogeneous equations according to the 
boundary condition in the Ritz-Galerkin method. The eigen 
Values of these equations represented the critical load. These 
Results became a reference to his experimental work. Lipped 
channels were tested to determine the load-deflection relation 
^td to study the behaviour of his section in the postbuckling 
^bage. In 1967, Walker (76) studied the postbuckling behaviour
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^ single plate subjected eccentric edge compression. The 
program was designed to determine the overall characteristics, 
buckling load and collapse load. Also, more detailed 
aspects have been investigated, such as stress and strain distri­
bution, and out of plane deflection. A conventional closed 
Mathematical approach, solving the differential equations derived 
by Von-Kârmân, was used to verify the experimental study.
The stability problem of a panel consisting of a group 
hat sections connected together has been experimentally invest­
igated by Kinlochy H . , and Harvey, J.M. (30). Two different 
Materials were tested, namely, mild-steel to British Standard 
2083 and aluminium-alloy NS3H to British Standard 1470, with two 
‘different thicknesses for each type of the material. The 
Critical longitudinal compressive stress, which initiates local 
elastic buckling in the hat sections, is one of their objectives. 
Such critical stresses were determined by using the experimental 
load-deflection relation. It is defined as the intersection of 
bhe tangent at the point of inflection and the tangent at the start 
point.
Pekoz, T.B. and Winter, G. (5 1 ) carried out an experi- 
Mental program to investigate the behaviour due to the local 
buckling of the cold—formed steel column sections. They examined 
bwo cold-formed steel sections subjected to axial compression 
load, namely, stiffened sections as two channels connected face 
bace, and unstiffened sections as two channels connected back 
bo back. Pekoz and Winter (51 ) used the experimental results 
bo calculate the effective width for both stiffened and unstiffened 
^Gctions. They used the effective width method to analyze the
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behaviour of a compressive member in which either overall buckling 
OR local buckling could occur separately or interactively.
^•2 EFFECT OF GRANULAR MATERIAL ON THE BEHAVIOUR OF STIFFENERS:
To the best of the author's information, no published 
^ata is available regarding the behaviour of a thin walled com- 
PRession member, embedded in granular media. The granular media 
PRovides elastic lateral support to the stiffener plate components 
and restrains their out-of-plane displacement.
Yang, H.T.Y. (80) developed an incremental formulation 
Method to study the behaviour of plates laterally loaded and on 
elastic supports. The finite element method based on the large 
‘Reflection theory and Winkler's elastic support, was his approach 
bo analyze the problem. The load-deflection relationship was 
‘^ ^Iculated using different types of rectangular plates with 
‘Rifferent boundary conditions being considered with different 
^Gngth to width ratio.
Donnell (15) derived a general mathematical formulation 
bo analyze thick and thin plates supported by elastic media.
His mathematical solution is based on fourier series. The case 
thin plates is a special case of his formulation in which all 
bbe terms are neglected except the first term.
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CHAPTER 3
FINITE ELEMENT ANALYSIS OF GRAIN BINS 
2-1 GENERAL;
The combined system of the granular material and the 
bin Wall has been analyzed by Mahmoud (36) , using the finite 
element method in order to determine the horizontal and 
Cortical pressure components induced over the bin wall. Constant 
^brain triangular plane elements or axisymmetric elements were 
^sed in simulating the grain material and axisymmetric shell or 
beam on elastic support elements were chosen for the bin wall.
9-talysis considered the grain mass to be connected to the bin 
through one dimensional interface element. The stress- 
relationship was assumed to be linear for the bin wall and 
®bress dependent, nonlinear, for the grain material. The mesh 
^bich was used in the computer program by Mahmoud (36) is shown 
F i g .  2 . 1 ,
The analysis presented herein applies point spring type 
^tterface elements (24) in order to improve the evaluation of the 
pressure distribution along the bin wall. The actual stresses 
'^ sre calculated at each nodal point rather than using the average 
stress along the one-dimensional interface element. This will 
illustrated later in more detail in this chapter. Also, the 
Previous work does not take into account the capacity of failed 
9raiu elements in carrying additional stresses by assuming very 
R-ov? stiffness for the grain material during the succeeding load
^^crement; however, it is more realistic to assume that the grain
^  i l  1^  bhe cracks developed in failed elements. The analysis 
Presented herein is modified to redistribute the stresses in
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Qxcess of the failure limit to neighbouring unfailed elements 
and keeping the stiffness of the element within a reasonable
range.
i n t e r f a c e  e l e m e n t  b e t w e e n  g r a i n  m a t e r i a l  a n d  b i n  WALL:
In the finite element analysis, the common nodes should 
have the same displacement, and can not accept a relative displace- 
nient between two elements. However, the nodes between the grain 
material and the steel elements could have a relative displacement 
'iue to the separation and/or the frictional sliding of the grain 
"^ver the bin wall. In order to account for such behaviour, 
interface elements are used between the grain material and the 
hin wall elements.
An interface element represents a length along which 
two different materials are in contact. Such element has no 
physical dimension and may be considered in one of two forms.
"^ he first is one-dimensional with two pairs of nodes. Fig. 3.2, 
(Goodman and Taylor, 21) while the second is of a spring type 
^ith only two nodes. Fig. 3.3 (Hafez, 24).
The following assumptions are valid for either of the 
iInterface elements :
1) Dimensionless between two different 
materials.
2) Does not resist tensile stress.
3) Resists high compression stresses,
4) Shear stresses can be calculated accord­
ing to the relative displacement caused 
by the friction between the grain and 
bin wall.
5) The load-displacement relationship is 
assumed to be nonlinear 3^6 ) .
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Fig. 3.3 Spring Type Interface Element
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The main problem of the one-dimensional interface 
element is encountered in the process of failure correction.
Because the successive interface elements have common nodes, a 
tension at one side of an element is accomplished by tension at 
the neighbouring unfailed interface element. In addition, the 
average stress in the one-dimensional interface element has no 
®'3Uality at the common nodes between successive elements. There- 
tore, to improve the evaluation of the stresses along the bin 
'^ all, the one-dimensional interface element is replaced in the 
Present analysis by a spring type interface element. The stiff- 
matrix of the spring type interface element has been derived 
Hafez (24) using an energy approach.
stress limitation of interface AMD GRAIN ELEMENTS;
Both the interface and grain elements are not capable 
Carrying any tensile stresses, hence if an interface element 
subjected to tensile stresses, the stresses should be redistrib- 
'^ hed to the neighbouring elements. In the case of the grain 
elements, failure takes place when one of the principal stresses 
^^ 1 <^3) is in tension, for example, or in Fig. 3.4.
the principal tensile stresses are reduced to zero and the 
Additional stresses are redistributed to the other elements, 
the limitation of the shear stresses is defined by the 
hear envelope which can be determined experimentally for each 
YPe of granular material using a triaxial or a simple shear test, 
any case of loading, Mohr's circles should not intersect with 
shear envelope, which can be expressed mathematically as 
^°lIows:
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- a,
C  tan 0 (3.1)
If Mohr's circle intersects with or is above the shear envelope 
"^^ Is And in Fig. 3.4), shear failure occurs and the stresses
'^ Is should be replaced by another combination such that
Bohr's circle falls below the shear envelope. One of these com­
binations which may replace and is and o^g ' (Fig. 3.4)
Such choice of o. ' and ' means an increase in the normalis is
stresses (36 ). A more logical choice is to keep a^^and reduce
'^3g." and redistribute the extra stresses to the neighbouring
elements.
"'^'I Element Failure in Incremental Analysis;
^^ain Element:
Because of the tendency of the grain particles to fill 
Auy gap that may develop at failure, the grain element, which 
^Ay experience tensile stresses that exceed acceptable limits, 
should not be neglected in carrying additional stresses during 
bbe subsequent load increments.
The stress transfer method by Zienkiewicz et al (82 ) 
Applied to keep the stresses in the grain element under the 
Acceptable limits. The following steps were followed:
1) Calculate the equivalent nodal forces 
required to reduce the stresses in the 
element to the acceptable limit. (Does 
not exceed more than 1% of the above 
discussed stress limitation).
2) Consider two sets of these equivalent 
nodal forces acting at each correspond­
ing nodal point of the element. The 
equilibrium will not be disturbed.
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3) One set of forces will be cancelled 
to obtain the required stresses in the 
element.
4) Repeat the final incremental step, using 
the other set as external forces and add 
the result to the final increment step.
5) Repeat the above steps for each failing 
granular element,, until the stress 
becomes within the acceptable limits 
in all the elements.
i.nterface Element :
The stress at any point that exceeds the limit of 
failure is considered to be whether it is due to a tension 
a shear
ased in the case of failure of the grain elements is followed 
^hen failure is considered in the interface elements. Herein 
interface element has only two nodes and only two unit force
• £ 1.
stress, while the desired stress which has been
Components are assumed in the direction of normal or shear stress 
^astead of considering two sets of the equivalent nodal forces 
mentioned in the above procedure. Also, these unit force 
Components will not disturb the equilibrium, since they are 
^9hal in magnitude and opposite in the directions. The stress 
^ failed element due to the repeated increment with a unit
force a^. The combination between the final increment 
the repeated increment multiplied by ^^f ^r  ^ reduces
Masses in the failed element to be within the allowable
limit,
^ m p a r i s o n  b e t w e e n  p r e v i o u s  f i n i t e  e l e m e n t  b y  m a h m o u d  a n d
IgE PRESENTED MODIFIED ANALYSIS:
The finite element analysis considers the flexibility
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cf the bin wall, the nonlinearity of the grain material, and 
the variation of the grain properties due to the confining 
pressure and strain level. A comparison between the results 
cf the modified finite element analysis presented in this study 
and the previous finite element analysis by Mahmoud (36) is shown 
Pig. 3 .^5  ^ for an example of a bin structure 25 feet in diameter 
and 30 feet in height. The maximum horizontal calculated grain 
pressure, using the modified finite element method, is less than 
the corresponding value calculated using Mahmoud’s formulation, 
3.5a. Both the modified finite element and the previous 
finite element analysis (36 ) give similar distributions for the 
Vertical grain pressure (Fig. 3.5b). The difference between the 
analyses is attributed to:
(1) Different types of interface elements were used in the
respective studies. The modified finite element analysis 
calculates the magnitude of grain pressure at the nodal 
points while Mahmoud's analysis leads to the average 
pressure over the length of the one—dimensional interface 
clement.
( 2 )
f*^fferent approaches were applied to deal with failure of 
^oth the interface and/or grain elements. This is the 
most important factor in the difference between the results 
cf both studies. It can be observed from Fig. 3.5a that 
the element between the height of 372 mm (2,36 ft. ) and 
^7^0 mm (5.71 ft,) has a failure and did not carry additional 
stresses because the stress remained constant since the 
failure occurred in the early increment and assigned zero 
®’*-iffness for that element in the successive increment in
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Mahitioud's analysis. This leads to the sudden jump in 
the grain pressure at level 1740 mm (5 «71 ft.) to 26l5mm 
(8 .7. ft.),. ■ On the other hand, the failure treatment in 
the analysis presented herein allows for a more realistic 
behaviour mechanism, i.e. a failed element is able to carry 
additional stresses in the successive load increment analysis
COMPARISON BETWEEN CLASSICAL APPROACHES AND FINITE ELEMENT 
ANALYSIS:
The above example was also used to compare the results 
the modified finite element procedure to those obtained from 
^ number of different classical approaches (Fig. 3.6). It was 
observed from Fig. 3.6a that the horizontal pressure distribution, 
according to the modified Janssen's theory, is the only method 
^bich falls in the same range with the finite element analysis. 
However, the vertical pressure distribution (Fig. 3.6b), obtained 
f^om the finite element analysis, differs considerably in magni- 
^^8e and distribution from all of the respective results obtained 
^tom the classical theories compared here because the analysis 
Presented herein takes into account the interaction between the 
9^a.in pressure and wall displacement. The classical approach 
not differentiate between stiffened and non-stiffened bin 
“^^lls when calculating either the vertical or horizontal grain 
Pressure distribution. On the other hand, the finite element 
^^lysis indicates that the magnitude of the grain pressure 
^stribution, especially the vertical component, to be affected 
°^siderably by the vertical rigidity of the bin wall.
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CHAPTER 4
LOAD CARRYING CAPACITY OF STIFFENERS
^•1 GENERAL :
Vertical stiffeners used in grain bins are commonly 
cold-formed steel sections. These stiffeners carry most of the 
"Vertical components of the grain pressure since the corrugated 
grain bin wall is extremely flexible in that direction. In 
addition to the material properties, the load carrying capacity 
stiffeners is governed by its overall stability or by the 
local stability of its plate components.
This chapter presents the analysis of the stiffeners 
through the development of non-linear geometric matrices consider­
ing large-displacement in the elastic and inelastic stages. An 
incremental iterative approach, based on the Newton-Raphson method 
'^ s^ applied to study the postbuckling behaviour of the stiffeners. 
^Iso, the effect of the granular material on the behaviour of the 
eners was introduced in this chapter.
In general, one of the following three methods can be 
applied to analyze the problems of large deflection:
1) Solving a group of governing differential 
equations.
2) Application of energy principles.
3) Numerical approach which can be used in 
conjunction with either of the above 
methods. These numerical methods include, 
the finite element method, and the finite 
difference method.
A
f i n i t e  e l e m e n t  METHOD:
The finite element method is a numerical approach in 
^^ich the structure is divided into a number of finite-size
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a) Triangular Element Family
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b) Rectangular Element Family
Fig. 4.1 Different Types of Triangular and 
Rectangular Finite Elements.
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components or elements. These are assumed to be connected to 
®ach other only at discrete points, called nodes. The number 
of nodes for each element depends on the type of the element as 
^oll as on the required degree of accuracy (Fig. 4,1). The con­
tinuity is assumed within each element by using a continuous 
function for displacements which is defined in reference to the 
'displacement component at the nodal points. The appropriate 
function for each problem is the one which can closely satisfy the 
Continuity between the elements along their boundaries. In the 
Analysis, the nodal displacements are considered as unknowns,
^hiie the displacement functions are chosen such that the compat­
ibility between the elements at the nodal points could be
satisfied.
The nodal displacements are computed by energy approaches 
Cf by the solution of governing equations. Based on the computed 
Values of the displacements, stresses and strain are determined 
strain-displacement and stress-strain relationships.
An incremental finite element method was employed to 
'dsal with the problem of large displacements and material non- 
dinearity. The total potential energy was evaluated in terms of 
bhe nodal displacement components, and differentiating the expres- 
®lon of the total potential energy leads to linear incremental 
^'^uilibrium equations.
The analysis presented herein deals with thin plates 
^^hjected mainly to membrane forces. However, due to imperfection 
buckling of the plate components, they could be subjected to
f 1cxure in addition to the in-plane compressive forces. In order 
fulfill the requirements of the continuity between the elements
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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the nodal points, six degrees of freedom are considered at 
®ach node, A rectangular element type was selected for the 
present analysis in order to reduce the total number of degrees
freedom (Fig. 4.2). Six components of forces corresponding
bo six degrees of freedom are considered at each nodal point as 
shown in Fig. 4.2.
The positive directions of the displacements u, v and 
^ are the positive directions of the local axes x, y and z at 
sach element. The counterclockwise direction is the positive 
'direction of the rotation ©x and 0y while the change of the dis­
placement w in X  and y directions is positive according to the
positive direction of x and y axes, i.e.
dw
0  X
© y dw
(4.la) 
(4.1b)
The «displacements and the forces are expressed as:
1p ( =
Pi
(4.2)
u.
V,
W
0
0y-
0zi
u.
V,
X I
'zi
M
M
X I
M
Z 1
(4.3)
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X
a) Rectangular Slament
dw
0x =
Fy
Pz
Mx
Mz
b) Displacement and 
Rotation Conditions 
at Each Nodal Point
(c) Nodal Forces and Moment
^ig. 4.2 Description of Rectangular Element and the 
degrees of freedom. (Displacement and 
Rotation of Each Nodal Point with the 
Corresponding Nodal Forces).
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^•2.1 Displacement Function
A plane rectangular element with twenty-four degrees 
freedom has been selected with six degrees of freedom at each 
^ode point, namely, u, v, w, 0 ^ = 6^ = — ~  and 0 ^ =
The displacement functions were selected to satisfy the continuity 
conditions at each nodal point. Yet, in general, these functions 
not ensure the continuity of the plate components along the 
sdges of the finite elements (Fig. 4.3). Similarly, the equil­
ibrium conditions may not be fully satisfied along the edges of 
the elements, while they are satisfied at the nodal points. This 
is the main source of error in the finite element analysis.
Twenty-four constants are required to form the displace- 
^snt functions for each element. This number of degrees of free- 
<3om leads to partial continuity at the node while complete contin- 
^ity requires the increase in degrees of freedom of the connected 
bodes by one degree of freedom . That increases the
degrees of freedom of the connected elements to twenty-six.
However, it is preferred to keep the number of degrees of freedom 
twenty-four for all elements in order to derive one type of the 
element stiffness matrix as well as to minimize the size of the 
^bster stiffness matrix.
In order to satisfy the continuity of the displacements 
^bd slopes at the nodes, the displacement functions v and w have 
bo be in the same order of x. Therefore, the displacement 
functions are assumed as follows (Lee & Harris, 31 ):
b = a;i + CI2.X + CLgy + a;^xy (4.4)
^ +a.g.x + a -7Y + o . g X y + c l ^ q X ^  + a ^ ^ x ^ y Y (4.5)
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Element (A) Element (B
[Element (B)|Element (A)
displacement\ 
9 E E ______________
Fig, 4.3 Lack of Continuity in Displacement 
Functions.
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y
Element (B)Element (A)
X, Y, Z 
:^ A' ^A' ^A 
^  ' ^B
Global Axis
Local Axis of Element (A) 
Local Axis of Element (B)
Fig. 4.4 Connected Edge Elements
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w = ai3 + a^4X + + a^gy^ +
+a2gX'*y + oi^^xy^ + ° - 2 2 ^ ^ + '^ '^ 2 4^'' (4.6)
'^-displacement is linear in x while v and w displacements are 
^hbic in X .  The relation between the nodal displacements at 
the edge of two perpendicular elements (Fig. 4.4) are:
for element (A) = for element (B)
V and V . for element (A) = -w. and -w . for element (B)
and w^^ for element (A) “ ^.nd for element (B)
w^^ for element (A) = w^^ for element (B) (4.7)
Where (i) indicates node (i) and the same relation can also be
Expressed for the node (j).
l a r g e  d e f l e c t i o n  a n d  i n i t i a l  s t a b i l i t y  f o r m u l a t i o n  o f PLATES:
Basic Assumptions:
When the lateral displacement becomes large, i.e. in 
order of the plate thickness, nonlinear strain-displacement 
^slations must be considered together with the following assumptions
The thickness of the plate is small compared with the other 
dimensions.
2
The displacement magnitude is in the range of or larger 
than the plate thickness, but the rotations 0x, and 0y are 
small with respect to unity.
The nonlinear terms related to the first variation of the 
membrane displacements, ^  and ^  are small when
compared with the corresponding variations of the lateral 
displacements, ^  and
In the elastic range, Hook's law is valid.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-42-
^' Kirchhoff's hypotheses are valid.
Green's strain tensor components using the Lagrangian consideration 
are :
. g , . I , , # , '  . , 3 "  ' ' S ' " '
Where the displacement at any location is eccording to 
Kirchhoff’s hypotheses ;
u = 'i(x,y) - ^ dx
, , ;dw(x,y)
uy = V(x,y) - 2 dy
(4.13)u = w(x,y)z
Based on the above assumption 3, all the derivatives 
V are negligible compared with the derivatives of w. The 
honlinear terms to be considered in the strain-displacement
expressions are ^  and as follows;
. g - i
^  * s g >
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4‘3.2 Nodal Displacements ;
The nodal displacements can be expressed as a function 
ef the constants of the displacement functions, a^, 0-3 .......
^24  ^ as follows:
= CA] ja} (4.17)
Where | d F  = C(d^) , (d^), (d^) , (d]_)]
■ I (ÏJ ^ = [Uj_, V^, W^, 0x^, Qy^, ©2^]
j a r  = [“ 1 - “ 2 ' “ 3 ,............' “ 2 4 '
matrix [A] can be expressed in terms of the element dimensions 
and "b" (Fig. 4.2) and is given in Appendix (A).
The constant a'.^ , ct^, d.^, .... and can be
Expressed in terms of the nodal displacement using equation 4.17 
follows :
|aj = [A]~^ )d( (4.18)
^here the matrix [A] ^ is given in Appendix (A) also.
^ B .3 strain—Displacement Relations r
The in-place strain,|sp|, over the middle plane of the 
Plate is obtained from equation 4.14, 4.15 and 4.16, with Z = 0:
(4.19)
(4.20)
(ÉW) (4.21)
'dy^
^ ^^^ain tensor for the in plain strain,|ep|, and the bending 
P^vatures,|eb|/ can be given as follows :
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1
2
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ief
dy 
dy
dll , dv
dÿ' + dsr
d? w 
dx^
d^w
dÿ^
d^w
dxdy
# )  <§>
(4,22)
Using the displacement functions, equations (4.4) , (4.5) and
(4.6), the strain tensor becomes;
)e[ = [B] {a.} = [B^ + B^] {a| (4.23)
Where matrix [B] is given in detail in Appendix (B).
^•^•4 Stress-Strain Relations :
The six stress components were divided into two parts : 
in-plane stresses and , (2) out-of-plane stresses(1)
Which correspond to bending and twisting moments per unit length 
X and y directions. The matrix [C] gives the relation between 
strain and stresses through the linear elastic zone, as follows
[C] ]e|
[C]
'S '
'S '
F[c^] o
L o 'S'-
1 V OE
= 1-v^ V 1 o
o o 1-v
2
r 1 V o 1
E hV ,
= 1 2 (l-v2 ) V 1 o
1 —V
o a 2 -
(4.24)
(4.25)
(4.26)
( 4 . 2 7 )
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where r
h is the thickness of the plate 
V is the Poisson's ratio.
4.3.5 Total Potential Energy;
The internal strain energy for a linear elastic member 
can be given as follows;
eadv° = I A
= 1  / v  )e( dv
U = I |a[^[B]^[C] [B] jal dv
U = I  td('^[A"^l'^[B]^[C] [B] [A“ ]^ |d( dv
(4.28)
(4.29)
(4.30)
(4.31)
While the external work done is ;
We = (4.32)
Where |P(' = ([P^]"[Pj] [P,^ ] [P^l )
= ' S i  S i  S i  S i  S y i '
Ihe Strain energy due to the non-linear strain component is ; 
S  = i (#§) (|^)1 dv'y'dy^ xy'dx 'dy' (4.33)
The above equation can be written in the matrix form as ; 
T
Wg = I
V I
dx
'X xy
''•xy
dx
dy
dv (4.34)
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[G] ja} (4.35)
Where [G] can be obtained, by differentiating the expression of 
the displacement, W, equation (4.6) with respect to x and y and is 
tound to be as follows ;
[G1
0
1 
o
2x
y
o
Sx'*
2xy
y'
o
Ix'* y
y3
O
0
1 
o
X
2y
o
x'
2xy
3y"
x'*
3xy=
(4.36)
then
[G] [a "^1 |d} (4.37)
(4.38)
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The work done due to the granular material surrounding 
the stiffeners (considered as elastic supports) is defined as;
Wg = -| kw' (4.39)
i jd}*^ [k] |dj (4.40)
Where (k) is the modulus of grain reaction which can. be obtained 
presented in Chapter 5.
According to equations 4.31, 4.32, 4.33 and 4.40, the total 
Potential energy is ;
n = U + Wg + Wg - (4.41)
Substituting equations 4.31, 4.32, 4.33 and 4.40 into equation
^*41, leads to the following expression of the total potential energy;
^ = I X  [B]'^  [C] [B] [a "^1 |d( dv
I X  [a"^]'^[G]'^[S] [G] [a"^1 {d} dv
t I Id)"^  [k]|d{ - |dp|P{ (4.42)
= I + I [d] [Kg] jdl
I |d|^ [k] |d( - )d|^ jp} (4.43)
The
'Uatrix [k] contains the modulus of grain reaction at the 
^Ugonal as it corresponds to the degree of freedom at the elastic
Supports.
n
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The stationary condition of the total potential energy is expressed 
U'S follows;
n = i IS af’'[K^+K„^+K^+k) jdf - {5dj'^{p( = o
)pf
2 ( - - ' L-g • -q L'-'G
+ K_, + K_ + k] jdf'e ■ "'oL ■ "'G
The matrices K^, and are outlined in Appendix (C)
(4.44)
(4.45)
4*3.6 Transformation of Co-ordinates
Two co-ordinate systems were applied (Fig. 4.5). The 
^1' and is a local co-ordinate system, while X, Y and Z is 
u global co-ordinate system. The relation between the displace- 
'"snt according to the local and global co-ordinate is as follows ;
U
V
W
© X
©y 
© 2
u ' o o O
V
=°=®yj_X cosOy^y o o o
w o o o
0
X o O o COSOy^y z- 1
9y o O o =°=®X^Z
©2 o o o =°®®zj_y
Lc)ca1
{ a i^  Local = [R] M i }  Global
Global 
(4.46)
Us^^9 the above equation, the relation between the displacement 
the local and global coordinate for an element is given as
^^llows ;
Local Global
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o o [R] o
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Node i \
- Local axes
- Global axes
/ v
Fig. 4.5 Local and Global Coordinate Axes.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-50—
|al Local = Global '4.48,
Similarly, the relation between the external forces referred to 
local coordinate, | p| Local, and referred to the global coordinate 
Global, and also, the stiffness matrix referred to the local 
coordinate, [k] Local, and the stiffness matrix referred to global
Coordinate, [k] Global, are presented as follows:
jp} Local = [RE] |p{ Global (4.49)
[K] Global = [RE] ÎK] Local [RE] (4.50)
4.4 MATHEMATICAL ITERATION:
A numerical iterative method was applied to solve the 
Nonlinear equation (81). The available iterative methods which 
couiti be used in the analysis are briefly discussed as follows :
4.4.1 Direct Iteration:
The finite element formulation leads to the following 
^cniinear equation :
[K] |dl = 1p | (4.51)
Where the stiffness matrix [K] is a function of the unknown dis­
placements jd the direct iteration method assumes an approximate 
^^lue of the displacements such as | a starting value of
the stiffness matrix [K^] and the corresponding displacement 
^cctor |d^j.is computed, i.e.,
jd^t = |P( (4.52)
Ihe calculated values of the displacement vector jd^ j^  are used 
Replace the assumed values of the displacements  ^d^ and the
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Process is repeated to calculate a more accurate displacement 
factor jd2 , (Fig. 4.6). The norm of the difference between 
the displacement vectors of two successive steps represents the
error :
error = |d^| - |d^_^( (4.53)
The iteration stops when the value of the error becomes sufficiently 
small.
*^■^ •2 Newton-Raphson Method:
This approach, starts by assuming- a. value for the dis­
placement vector jd^ j and calculating the stiffness matrix [K^] as 
'^ ell as the unknown displacement vector d^ j is calculated for a 
I^Ven load, using Equation 4.52.
"^ he load vector can be calculated by multiplying an updated
^^Iffness matrix [K^] which corresponds to the displacement vector 
as follows:
|Pl} = [Kil jd^} (4.54)
^sing the stiffness matrix [K^I to calculate the displacement vector 
to the difference between the calculated load the
load |p|
{a P^( = |P^} - |p) (4.55)
(A d^( = {a P]^  ( (4.56 )
'^ his step is repeated until the difference between the calculated 
^Q^d and the given load becomes small enough. Fig. 4.7. shows a 
^^^Phical illustration of the steps followed to achieve convergent 
^^8e.
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Fig. 4.6 Direct iteration Method
P
AP
Ap
"^ 1
Fig. 4.7 Newton-Raphson' Method
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4*4.3 Modified Newton-Raptlson Method:
The Modified Newton-Raphson's method is exactly the 
same as Newton-Raphson's method, except the stiffness matrix does 
tot change during the iteration and is taken as the initial one 
[Kg]. Fig. 4.S shows an illustration of the procedure of this 
Method.
4*4.4 Approach Selected for Analysis Presented Herein:
The incremental stiffness matrix is to be updated in 
^Qth the Direct Iteration and Newton-Raphson's method, while the 
Modified Newton-Raphson method uses the same incremental stiffness 
Matrix through the iteration. The Newton-Raphson method is the 
®°st accelerated method to achieve convergence in that kind of 
PtobleiR, Good results are obtained after a maximum of three 
iterations. According to the above differences, the Newton- 
Baphson method is recommended in case of a large number of degrees 
freedom with a small number of elements, while the Modified 
Newton-Raphson (81) method becomes more efficient for a large 
timber of elements.
The Newton-Raphson correction method is applied herein 
follows, (Fig. 4.9) r
Calculate the displacements and the stresses 
using the linear relations:
idli = (4.57)
^here = [K^ + k ] a n d
Wx, Wy and Wxy are assumed zero.
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Calculate [K^] = [Kg + + k] based
on the displacements and stresses obtained 
from Step 1 and then calculate the load which 
corresponds to displacement | d^|
1^11 = [Kg + K^^ + Kg + (4.58)
Calculate j as the difference between
the calculated j and the given load vector
and then calculate the corresponding 
correction of the displacement |Ad^| 
follows :
as
iAdli = [K^ + K^ j. + Kg + k]-l iAP^I (4.59)
Repeat Step 2 and Step 3 until ^ A P  | 
becomes very small.
4.5
by
Repeat all steps again for the next 
increment.
m a t e r i a l  n o n l i n e a r i t y  (PLASTIC BEHAVIOUR):
The stress-strain relationship of steel is idealized 
considering two zones. First, the elastic zone in which the 
^^tio between the stress and strain is constant. Second, the 
Plastic zone in which the stress exceeds the yield point, herein 
relation between the stress and strain is dependent on the
stress level, therefore a numerical iteration is employed during
tH
® plastic incremental loading. For a two or three dimensional
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A
P
d, d ddd
Fig. 4.8 Modified Newton-Raphson Method
A d.
Load
displ.
Illustration of Iterative 
Method Used Herein.
Fig. 4.9
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state of stresses, the yield point can be defined through 
Von-Mises criterion which has good agreement with the experiment 
for the ductile materials according to Mendelson, A. (4 .^) ; there­
fore, this criterion was used herein and is called an "octahedral 
stress theory". The condition of the yield point according to 
this theory is :
T  .X. =  i  (4-60)
is called the octahedral 
stress, and its expression is given as:
■'oct = t + (O2 - O 3 A  + tO] - | (4.61)
Substituting equation 4.61 into equation 4.60, the yield condition
becomes:
oct
where o. is the tension stress andt oct
shear _____ ^
■ I )’ I03 *1 ''] I
(4.62)
The analysis presented herein assumed elastic-perfect-
Plustic material and neglected strain hardening effects. As
^®ntioned before, the relation between the stresses and strains is
^ function of the stresses based on Prandtl-Reuss flow theory
According to Little, G.H. (34).
2
[C] =  ^ E
1 — V  ‘
1 -  ^1
-  ^1^2 
S4
(1-v)S
-  ^1^2
1 - ^2"
(l-^)^l^xy
1 xy - (l-^)S2^xy
( 1 - V ) T 3
( I - V 2 ) [ 1-  ^
Where
(4.63)
=1 - + VSy
(4.64)
= 2 =
+ vS^ (4.65)
S 3 = Si + S2 + (1-V) (4.66)
S4 = Sx' ^X ^y + Sy: + 2  (1-v) T%y: (4.67)
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An iteration procedure was applied to solve this problem 
by using a certain value of the stresses and within a number of 
iterations, the resulting stresses become the same as the assumed 
Ones.
The expressions of the incremental stresses as a 
function of the incremental strains during the plastic incremental 
stage are different from the elastic relation and are presented as 
follows (34):
[As^ +vASy - A. (o^ +• v O y H  (4.68)
AcTy = [ASy +v As^ - A. (Oy ] (4.69)
Where
4.6
^ “ _2 (for elastic perfect plastic) (4.71)
S 4
Sjj i (20^ - Oy) (4.72)
Sy = J  (20y - (4.73)
COMPUTER PROGRAM:
A computer program has been developed to handle the
^^thematical calculation using the above described analysis.
® finite element mesh is automatically generated in order to 
i^Plify the use of the program. The magnitude of the incremental 
has a great effect on the performance of the load-deflection
where large incremental loading (in the order of 0.2 of the 
load) affect the possibility of matrix inversion, especially
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at the point of the change of slope sign in the load-deflection 
curve, i.e. the master stiffness matrix will not be positive 
definite. Therefore, the overall or local buckling has to be 
estimated approximately in order to assume a suitable magnitude 
of the incremental load. For most of the problems, the incre­
mental load can be taken as 1/5 of the calculated approximate 
t>uckling load up to three increments, then the load increments 
^fe reduced by 50% for two more increments and reduced again by 
50% until the load increments pass the critical load stage. This 
observation of unstable condition of the program is affected by 
fhe magnitude of imperfection where it is expected for a plate 
With a low value of initial imperfection. It is found that a 
lateral load equal to 1/100 of the calculated approximate buckling 
load is a reasonable value for most of the problems.
Appendix (D) shows a Flow Chart for the computer
program.
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CHAPTER 5
EFFECT OF GRAIN MATERIAL ON STIFFENER BEHAVIOUR
5.1 GENERAL:
The grain material has a positive effect on the load 
carrying capacity of embedded vertical stiffeners and acts as an 
clastic support for the plate components of the stiffeners. A 
modulus of grain reaction, K, is defined as the ratio of the grain 
pressure, q, induced by the stiffeners divided by the corresponding 
displacement, S:
K = I (5.1)
A similar approach is used in the soil-footing analysis; however, 
the formulae applied to evaluate the modulus of the subgrade 
reaction can not be used to simulate the conditions of the bin 
®tiffeners. Therefore, a numerical method is required to analyze 
the problem of the horizontal displacement of the plate component 
inside the grain mass. Herein, the modulus of the grain reaction 
Is a function of the grain material modulus of elasticity in the 
horizontal direction.
5.2 MODULUS OF ELASTICITY OF GRAIN MATERIAL:
The values of the modulus of elasticity and the Poisson's 
ratio for wheat en masse are recommended as 68 MPa (9900 psi) and 
^•4 respectively by Anderson (4). Naragan and Bilanski (48) 
tested a number of cylindrical samples of wheat en masse to 
^stermine the value of the modulus of elasticity using the load- 
deformation relationship. According to their work the modulus 
elasticity ranged between 21 MPa (3000 psi) for soft wheat and
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41 MPa (6000 psi ) for hard wheat. The above studies do not 
account for the effect of height of the granular material, 
therefore, it is not recommended to follow their values. Manbeck 
^nd Nelson (38 , 40 , 41) studied the effect of the stress level on 
the modulus of elasticity for the wheat en masse, that presents 
the effect of height. They used three dimensional load-deform- 
stion tests and also studied the variation of the ratio between 
the horizontal to vertical stress as an influencing factor on
the modulus of elasticity. They recommended an empirical relation­
ship between the stress and strain in both the horizontal and 
^Grtical directions, as follows:
E. = (0.0492 + 0.122 m + 0.0071 m= ) (5.2)
1
e„ = (0.1 - 0.112 m + 0.0372 m M ( ~ ) ° * ^ ^ °  (5.3)
^ ^1
where: = unit strain in the horizontal direction
= unit strain in the vertical direction
o^ = unit stress in the vertical and horizontal
directions kPa (psi), respectively
m =
c^ v
a^ = 276 k?a (40 psi)
The above relations can be simplified for a given horizontal 
bo Vertical pressure, m, as follows :
S  = «h '5-4'
S  = (5.5)
Where n ^ , n^, and are constants listed in Reference 41 .
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Manbeck's experimental results are also plotted in
5.1 and Fig. 5.2 (39) for and values between 0.56
bo 1.0 while the stress values ranged between 0 to 55.0 KPa 
(0 to 8 psi). The horizontal modulus of elasticity varies 
between 0 and 60 MEa-. ' (0 to 8.7 ksi) and the vertical modulus
of elasticity from 0 to l6 MEa (0 to 2.3 ksi) .
5-3 EVALUATION OF MODULUS OF GRAIN REACTION;
The value of the modulus of grain reaction can be 
*^otermined through either experimental or numerical analysis.
The finite element method used herein to predict the value of 
9^ain reaction where the bin wall was assumed as straight 
instead of circular in order to use the plane finite element 
analysis which is presented in Chapter 4. Herein the problem is 
^ linear membrane problem which is a special case of the presented 
analysis. A rectangular mesh, as shown in Fig. 5.3 was used 
With 256 elements and 28 9 nodes, each element being 25-4 x 2^.4mm 
(i'O X 1,0 in.). All boundaries were prevented from the move­
ments in the x and y directions, except in the direction of the 
bin wall.
If the tangential pressure is less than the friction 
force, all the nodes along edge A-A, Fig. 5.3, are prevented from 
bbe movements in the x and y directions, otherwise they are con­
sidered as prevented from the movement in the x-direction only. 
Therefore, two different cases have been examined based on the 
Eolation between the horizontal pressure caused by the grain 
Material and the friction force due to sliding between the grain
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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material and the bin's wall, namely, a free edge, or totally 
fixed edge. Two different cases of loading for each of the 
above cases were considered, i.e. first, the load q^, and the 
corresponding displacement, S^, are in the x-direction which is 
the case of grain reaction perpendicular to the bin wall and. 
Second, the load q^, and the corresponding displacement, S^, are 
in the y-direction which is the case of grain reaction parallel 
fo the bin wall. Both of these cases as shown in Fig. 5.3. 
fo calculate the grain reactions perpendicular to the bin wall, 
different cases were considered depending on the position of the 
load, q^, starting from node 138 to 144 where the displacement 
the x-direction, S^, was calculated for each case. The same 
procedure is repeated in order to calculate the grain reaction 
Pa.rallel to the bin wall while the load was applied in the 
^'direction.
Fig. 5.4 to Fig. 5.7 represent the coefficient of 
9rain reaction as a function of the modulus of elasticity for 
fhe granular material for all the above discussed cases.
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CHAPTER 6
VERIFICATION OF THE COMPUTER ANALYSIS
6.1 GENERAL:
The analyses of this chapter were to examine the 
behaviour of axially loaded stiffeners used in grain bins. The 
geometric and material nonlinearities have been taken into consid­
eration in addition to the effect of the grain material surrounding 
the stiffeners. As mentioned in the literature review, many
publications are available for the analysis of either individual 
plate component or members of multiple plate components subjected 
bo in-plane compression. Yet no one accounted for all the 
factors of geometric and material nonlinearity together with the 
effect of the grain material for a member of multiple plate 
components. Therefore, the results of the computer program are 
Compared with corresponding special cases selected from previously 
published researches. In addition, an experimental program has 
been conducted to examine the behaviour of the longitudinal 
stiffeners in order to account for all the parameters considered 
the analysis presented herein.
^•2 COMPARISON OF INDIVIDUAL PLATE COMPONENTS:
®*2.1 Elastic Postbuckling:
A simply supported square plate was considered in the 
study of its postbuckling behaviour and to compare with the 
Results reported by Colville et al (13) . The plate was 406 x
mm (l6 X l6 in.) and of 2.5^ mm (0.1 in.) thickness. Three 
different initial imperfections are considered as lateral dis­
placements, namely .0 1 5 , .0 5 5 , and .1 ? mm (.0 0 0 6 , .0 0 2 2 , and
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OOôOiri,) at the centre of the plate. Colville et al used the 
finite element method to analyze the condition of the large 
displacement of the plate. All edges of the plate are assumed 
to remain straight after deformation. Fig. 6.1 shows the 
relation between the load and the displacement at the centre of 
the plate as obtained from the present analysis together with 
the results of Colville et al, as well as a solution given by 
Timoshenko and Gere (71) for a perfect plate. The initial 
imperfection does not affect the shape of the load-displacement 
curve in the postbuckling range.
Rectangular plates of 2'5^  x 508 mm (10 x 20 in^) were 
analyzed considering linearly-varying edge compressive loading 
and the results were compared with corresponding results reported 
by Walker, A.C. (76). Plates are presented with two different 
sets of boundary conditions. The first (a) simply supported 
over all edges and the second (b) only two edges simply supported 
vhich were subjected to the in-plane compression load, with the 
other unloaded edges being either built-in or free. A small 
incremental load was applied in the analysis together with an 
assumed shape and magnitude of the imperfection. The indirect 
delation between the incremental load and the corresponding 
(Reflection is shown in Figs. 6.2 and 6.3 for both the present 
approach and Walker's experimental results, where
No = 2 Pb / Eh^ (6.1)
w = ^c (6 .2 )
h
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cr
10
3 .
0
I—
(a) initial imperfection 0..015 mm (0.0006 in.)
(b) initial imperfection 0.055 mm (0.0022 in.)
(c) initial imperfection 0.170 mm (O.OO6O in. )y
(d) Colville’s finite element analysis. (11)
(e) Ref. (68)' for perfect plate.
E = 207 GPa (30 X  10^ psi)
V = 0.316
(a) (c)
0.05 0.10 0.15 0,20
1.0 2 . 0 3 . 0 4 . 0 5 . 0 6 . 0
(in.) 
( mm)
Ô C e n t r a l  D i s p l a c e m e n t
Fig. 6.r Comparison Between Colville’s Load-Displacement Curve 
and Corresponding Results Using the Finite Element 
Method Herein for Different Values of Imperfections.
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(a)
(b)
(c)
(d) 
Ce)
Mathematical analysis presented herein ( 1 , 68 mm thick) 
Mathematical analysis presented herein ( I .98 mm thick) 
Mathematical analysis by Walker (73).
Experimental Results by Walker (73)(1.68 ram thick). 
Experimental Results by Walker (73)(1.98 mm thick).
Fig. 6.2 Experimental Load-Deflection Curve by 
Walker, A.C., (76) and Mathematically 
by the Present Finite Element Method 
for Simply-Supported Unloaded Edges.
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Mathematical analysis presented herein (1.68 mm thick). 
Mathematical analysis presented herein ( I . 9 8  m m  thick). 
Mathematical analysis by Walker (73).
Experimental Results by Walker (73) (> 1.68 mm thick) . 
Experimental Results by Walker (73)( 1 #98 mm thick).
Fig. 6.3 Experimental Load—Deflection Curve,
by Walker, A.C. (76), and Mathematically 
by the Present Finite Element Method for 
Built-in and Free Unloaded Edges.
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where P is the total incremental load
b is the plate width
E is Young's modulus
h is the thickness of the plate
W is the lateral displacement at the centre 
of the plate.
E = 228 GPa (33 X 10^ psi)
V (Poisson's ratio) = 0.3
The finite element analysis developed herein shows good 
agreement with Walker's experimental results. The difference 
between the present analysis and Walker's results is due to the 
chosen values of the incremental load and initial imperfection 
as mentioned in Chapter 4. The number of elements which were 
ased in the analysis presented herein is another factor which
bas an effect on the results^ (the accuracy increase by increasing
the number of elements).
6.2.2 Elasto-Plastic Postbuckling:
Eidsheim, O.M. and Larsen, P.K. (i6 ) examined imperfect 
simply-supported plates 1 5 3 «0 x 17^-9 mm (6 .0 .x 6.9 in.) with 
a thickness of 3-18 ram (0.125 in.). They considered the large 
displacement theory as well as the elasto-plastic behaviour of 
the material- The analysis presented herein is shown in Fig. 6.4 
together with Eidsheim and Larsen's analysis for different magni­
tude of imperfections as a relation between ^  and where a
is the incremental stress at the edges, and is the critical 
stress. Good agreement is observed between Eidsheim and Larsen's 
Analysis and the results of analysis presented herein, especially 
the case of assigning large imperfection curves (c) and (e)
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a
Elastic
4 (d)
Elastic 
(a) ./
Classical Buckl^e^Jkcfa^/
1.2
.0 ( w y  (c)yy X
a%/^astic
.8
0.6
0.4
0.2
0
0.2 0.4 0.8 1.0 1.2
(a) Elastic, Initial Imperfection ^
n = 0.001 (Present analysis)
(b),(b^) Elasto-Plastic, Initial I m p e r f e c t i o n ^  = 0.05 (Present analysis)
(c),(c ) Elasto-Plastic, Initial Imperfection _c_ = 0.22 (Present analysis)
(d),(d^) Elasto-Plastic, Initial Imperfection ^  = 0.05 (Eidsheim's analysis)
, b
(^), (e ) Elasto-Plastic, Initial Imperfection "^^c = 0.28 (Eidsheim's analysis)
h
E = 207 GPa (30 X lO^psi)v = 0.3
Fig. 6.4 Comparison Between Eidsheim and Larsen's Work 
and the Present Work for a Rectangular Plate 
with Different. Imperfections.
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because the effect of the magnitude of incremental load is small
in the case of large deflections, as mentioned in Chapter 4.
For smaller imperfection curves (b) and (d), a slight difference
is observed when comparing the present analysis with Eidsheim*s
results in the postbuckling stage. In the case of extremely
small imperfections, curve (a), the finite element program herein
becomes unstable around the point of inflection of the load-
<iisplacement curve, especially when the load increment is not
small enough. In the case of elasto-plastic behaviour where
the yield stress is 250 MPa (36300 psi) , the finite element
program herein becomes unstable, i.e. the master stiffness matrix
is not positive definite, before the load increment reaches the
Point of inflection. For a small imperfection, curve (b), a
Very large deflection is observed at = 0.8 through the
°o
iteration until the program reaches the state of unstable condition, 
The same occurs at ■—  = 0.6 when the magnitude of imperfection
is considerably larger than the previous case, curve (c). That 
^eans that the yielding starts earlier for the case of large 
imperfections.
5.3 AXIALLY LOADED MEMBERS WITH MULTIPLE PLATE COMPONENTS ;
Three different sections were examined (channel, hat and 
^ngie sections) and found to verify the present analysis through 
Comparison with available experimental results (30, 64, 77 ).
5-3.1 Channel Section :
A lipped channel section 203 x 203 x l.?8 mm (8.0 x 
^•0 X 0.Oyin.) was investigated experimentally by Walker, A.C,
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(77.) . The axial load was linearly-varying as. shown in Fig, 6.5. 
The idea of replacing the lip by a simply-supported condition, 
as mentioned by Walker was also used in the analysis presented 
herein and the experimental results by Walker (Fig. 6,6). The 
difference between the analysis presented herein and the exper­
imental data can be in part attributed to the assumed initial 
imperfection, which could be different from the actual imperfection 
in the test, and the value of the load increment.
6.3.2 Hat Section:
Kinloch, H., and Harvey, J.M. (30) examined experimentally 
the behaviour of local buckling and the collapse load of axially 
loaded members. The test section shown in Fig. 6.7 with two 
(different thicknesses, O.9I and 1.22 mm (O.036 and 0.048 in.)
Was tested by the finite element analysis herein. Considering 
the symmetry about the length and for the cross section itself,
25 elements with 3 6 nodes have been used to represent this 
Section, as shown in Fig. 6 .8 . Good agreement between the result 
herein and Kinloch and Harvey's experimental result is shown in 
^ig. 6.9. According to the definition of Kinloch, H. and Harvey, 
J.M., the critical load is the intersection of the tangent at the 
Point of inflection of the load-displacement curve and the point 
of start. The value of the equivalent buckling load obtained
from the present analysis is less than the obtained value from 
the Kinloch experimental results and that is due to the value 
of the imperfection which has a great effect on the critical 
load defined by Kinloch.
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and the Finite Element Analysis Developed Herein.
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6.3.3 Angle Section;
The results of the computer program were compared 
with test results for angle cross-section 55 x 55 X; 3 mm 
X. 2.16 X 0,12in. ) reported by Srinivasan, A. (64.). Different 
lengths were selected - 940..0& L3 2 0 -0., and 1702.0 mm C3 7 »0 ,
53'.0, and 67-0 in.) in order to highlight the behaviour of 
angles which are mainly controlled by overall or by local buckling, 
Each angle was bolted at one leg only to a gusset plate with two 
bolts through which the load was applied incrementally.
In the finite element analysis herein, symmetry was 
assumed to exist about the middle of the height and half of the 
member was considered with 36 elements and 50 nodes. Each leg 
was divided into two elements along the width and nine elements 
along the length. The nodes were numbered successively over 
the width of the angle, not like the previous examples, in order 
to keep the band width of the matrix to a minimum (Fig. 5.10).
Node number 4 was restrained from displacement in the y and z 
directions. Nodes along the centre lines 46, 47, 48, 49 and 
50 were restrained from displacement in the x-direction and 
rotation about the y direction. Nodes 46, 47 and 48 in plate 
Number 1 at the centre line were restrained from the rotation 
about the z-direction while the identical nodes 48, 4 9 and 50 
in the plate Number 2 were restrained from rotation about the 
x-direction. The above boundary conditions simulate the 
experimental conditions, as described by Srinivasan, A. (64.).
The load was applied at node point Number 4 through an incremental 
procedure with each increment being equal to 4».5 kN (20000
Ih-j.) up to the failure.
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The load deflection curves are presented in Pigs.
6.11, 6.12 and 6.13 for the three angles for both the finite 
element analysis herein and Srinivasan*s experimental results 
(64). A good agreement exists between the analytical and 
experimental results. The connection between the angle and 
the gusset plate was presented by two bolts in the experimental 
tests, which represented a partial restraint of twisting at the 
end. The effect of the end conditions for the longest specimen 
^702 mm (67 in.) was more pronounced than for the other angles 
of length '940.0 and 1320 mm (37«0 and 52^0 in.). Therefore, 
the experimental results for the shortest specimen are identical 
the results obtained from the finite element analysis, while 
niore difference exists between the experimental and analytical 
results for the other two angles as shown in Figs. 6.11, 6.12 
and 6.13.
6.4 COMPARISON OF INDIVIDUAL PLATE COMPONENT RESTING ON SOIL 
MEDIA
Yang, H.T.Y. (80) has developed the incremental stiff­
ness matrix formulation based on the large displacement theory 
fo analyze plates on elastic supports of the Winkler type. A 
typical rectangular plate with all edges simply supported was 
analyzed in order to compare the approach herein with the avail­
able analysis by Yang. The non-dimensional modulus of elastic 
foundation, X, is defined as;
A.
a4
16D
Where: D = l2(1-v^)' flexural rigidity of plate
CL = -4-
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a, b and h are the plate dimensions and thicknesses respectively, 
and K is the Winkler spring constant. Yang's study has been 
conducted for X equal to 40, 80 and 120, and Poisson's ratio of 
0.316. The main difference between the approach herein and 
Yang's analysis is the choice of the displacement functions in 
and out of the plane of the plate. Six degrees of freedom have 
been considered between Yang's analysis at each nodal point. The 
difference between Yang's and the present displacement functions 
herein is that the degree of freedom, in the analysis presented
herein which replaces 5™ ^ /  (i.e.- this rotation is a function of
the out of plane displacement, w, instead of a function of the 
in-plane displacement, v), while the other degrees of freedom 
are the same in both analyses. This difference has great influence 
on the results if the plate is loaded in its direction.
Yang's approach leads to results comparable to the 
analysis presented herein since the previously discussed rotation 
has little effect in the case of simply supported plates subjected 
ho lateral load. Fig. 6.14 shows the comparison between the 
analysis presented herein and Yang's results for the length-to- 
width ratio equals 1.5. The relationship which is presented 
in Fig. 6.14 is between W /h and Pa^/Eh'^ where W is theIH3.X Iu9.X
central deflection and P the transverse pressure on the plate.
The approach herein gives larger deflections in 
Comparison to the method by Yang by about 8 %, and that difference 
is expected mainly due to the difference between the chosen 
displacement function in both methods.
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6.5 EXPERIMENTAL INVESTIGATION OF BIN STIFFENERS:
6.5.1 Test Procedure;
The investigation herein includes an experimental 
program which has been conducted to examine the behaviour of 
the bin stiffeners*. These tests and their corresponding 
analysis account for all the parameters considered in Chapter 4. 
An angle with cross section 63.5 x 63.5 x 1.525 mm (2.5 x 2.5 
X 0.06 in.) was used as stiffener. Table 6.1 gives the tested 
specimen cross sectional and material properties. The first 
and second (a and b) tests represent the case of the stiffener 
with no surrounding granular material (Fig. 6.15a). The third 
test (c) was conducted for the same stiffener embedded in sand 
(Fig. 6.15b). Herein, the sand has been used for practical 
reasons instead of the use of grain. One corrugated panel 
610 mm (24 in.) in height was used for all of the above tests 
while the stiffener being connected at the top and bottom with 
one bolt, as shown in Fig. 6.16a. This connection prevented 
the horizontal movements only while the vertical movement was 
free, as well as rotations in all directions. Two square plates 
129 X 129 ram ( 5 ‘0 X 5*0 in.) were welded at the top and bottom 
of the stiffeners. The load was applied incrementally at 
the centre of the top plate which fell the centroid of the 
stiffener cross-section (Fig. 6.16 ).
Strain gauges were mounted on the stiffener sections 
as shown in Fig. 6.17 and Fig. 6.18 in order to determine the 
stress distribution along the angle. Also, six dial gauges 
are used to measure the displacements of the free leg of the
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TAb l e 6.1 Cross-Sectional Properties of Test Specimen
K
PROPERTY 63.5 X  63.5 2.5 X  2.5 X
/ I
X  1.524 mm 0.06 in.
^idth of Leg mm, in. 63.50 2.50
"^^ickness mm, in. 1.524 0.06
^^sa mm^, in.^ 193.5 0.30
Maximum Moment of Inertia
ly mm , in. 10.6 X  10^ 0.254
Minimum Moment of Inertia
T 4 4 ijç mm , in. 0.8 X  10^ 0,020
^olar Moment of Inertia
4 4 ip mm , in. 21.1 X  10^ 0.506
'torsion Constant J mm^, in 4 0.0148 X  10^ 0.3 X  10“^
^"^O“ordinate of Shear Centre
Xq , mm, in. 0 0
^""^o-ordinate of Shear Centre
Xq , ram, in. 22.35 0.88
^ximum Radius of Gyration, 
r : 2 y/ mm , in. 24.36 0. 92
Minimum Radius of Gyration,
2^^/ mm^ , in.^ 12.91 0.25
point, MPa, Ksi 2^1.0 35.0
Modulus of Elasticity MPa, Ksi 227500 33000
^^isson‘s Ratio 0.3 0.3
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Fig. 6.15a Photograph of Stiffener of Empty Bin
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-95-
Fig. 6.15b Photograph of Stiffener Embedded in Sand
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' 5 . 0 x 5 . 0 x 0 . 2 )
63.5 X 63.5  X 1.525 nr 
( 2 . 5  X 2 .5  X 0.06)
129 X 129 X 5 mm
5 .0  X 5 .0  X 0.2)
V/V/ *// V/ sy ^//^y/^/^//^//y/^//^//-^//^//^//
Elevation
1880 mm
(74 in.)
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Fig. 6.16a Schematic of Local Buckling Test
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Plate bo the Stiffener (Angle Section)
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angle for the empty bin, as shown in Fig. 6.17 and Fig. 6.18.
The position of both strain and dial gauges were chosen to 
match the position of the nodes, and the elements in the finite 
element analysis herein.
The backfill material which was used in Test (C) 
was a Lake Erie beach sand. Its internal angle of friction 
was 40° (36), and its unit weight .16,$ kN/ra^ (105 l"b/ ft.^ ).
50 lb weights were placed at the top surface of the sand to 
represent additional 2 ft. height of sand.
Reference 17 gives typical range of values for modulus 
of elasticity for different types of soil. The grain size 
distribution for the sand used is given by Seymour, P. (58).
Based on sieve analysis by Seymour, the sand used was considered 
as medium sand for which Young's modulus is between 7*0 - 24.5 
MPa (1000 - 3500 psi).
6.5,2 Finite Element Analysis:
A mesh with 32 elements and 45 nodes (Fig. 6.18) was 
employed to simulate the bin stiffener which was tested.
Because of symmetry, only one half of the stiffener was used 
as shown in Fig. 6.18. Therefore, all the nodes lying on the 
line of symmetry 41, 42, 43, 44 and 45 were restrained from the 
movement and rotation in the x-direction. The rotation about 
the y-direction was restrained for nodes 41, 42 and 43 and the 
rotation about the z-direction was restrained for the nodes 
43, 44 and 45. In order to simulate the same boundary conditions 
of the experiments, all the top nodes were considered to have
Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.
-101-
Plate (2)
3 4 5
3
8
4
9
7
13
8
14
11
18
12
19
15
23
16
24
19
28
20
29
23
33
24
34
27
38
28
39
31 32
10
15
20
25
30
35
40
44 445
X,Y,Z - Global axes
X.,y ,z- - Local axes of 
 ^  ^  ^ Plate (1)
x_,y_,z - Local axes of
Plate (2)
Fig. 6.18 Finite Element Mesh of Angle Test Section
Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.
-102-
the freedom to move in all directions except node number 4 
which was restrained from movement in the Z-direction. Plate 
2 presents the angle''s leg which was connected to the bin wall; 
therefore, all the nodes belonging to Plate 2 are allowed to 
move in the negative direction of the Z-axis while their move­
ments were restricted in the positive direction of that axis. 
This condition is accounted for by imposing an elastic support 
with large values of the modulus of grain reaction.in the Z- 
direction whenever a positive displacement occurred. The 
incremental loads were uniformly distributed over the top nodes 
1, 2, 3, 4 and 5. In the case of the embedded angle, two
values for Young's modulus of sand were considered E = 7 * 0
g
and 14.0 MPa (1000 and 2000 psi). Imperfections were accounted 
for by applying two small lateral loads at Nodes 41 and 45 
during the first load increment stage only.
6.5.3 Comparison between Analytical and Experimental Results: 
Comparison between the experimental and analytical 
results for the load-stress relation are shown in Figs. 6.19 
and 6.20 for tests (a), (b) and (c). Fig. 6.19 shows the
stresses for the stiffeners with no surrounding sand, while 
Pig. 6.20 shows the effect of sand with assumed Young's modulus 
of 7.0 and 14».0 MPa (1000.0 and 2000.0 psi). The experimental
axial stress is the average between the outside and inside 
stresses at point "n" in the specimens (a), (b) and (c) as
shown in Fig. 6.16 and Fig. 6.17. When examining the obtained 
results (Fig. 6.19 and Fig. 6.20), good agreement is observed 
between these experimental results and the corresponding finite
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element results especially in the early stage of postbuckling.
The experimental and the corresponding analytical
stress distribution over Sections I to III (Fig. 6.17) are
represented in Fig. 6.21 and Fig. 6.22 for the case of stiffeners
with no surrounding granular material. The stress distributions
obtained experimentally for Test (c) and the corresponding
analytical results with E =7.0 MPa (1000 psi) are shown in
S
Pig. 6.23 and Tables 6.2 and 6.3. The experimental results are 
between 0,8 to 1.2 of the analytical results.
A comparison between the experimental and analytical 
results for the lateral displacement of the stiffener's free
leg is shown in Fig. 6.24 when the stresses start to be signif­
icantly concentrated along the connected longitudinal edge 
between the plate components and in Fig. 6.25 at the postbuckling 
range of the plate component.
The deformation of the angles not embedded in the
sand is given in Fig. 6.26 for test (b) for a load near the
buckling limit (i.e. at the load increment where the stresses 
start to concentrate along the connection edge of the plate 
components). Herein, it is observed that the maximum lateral 
displacement of the plate components occurred at mid-height.
The finite element analysis herein gave the same shape of the 
buckling mode at the same level of the incremental load.
Pig. 6.27 shows that the location of maximum lateral calculated 
displacement is at mid height which is identical to the experi­
mental observation. However, the position of the maximum 
laterial displacement for the plate components changed during
Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.
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Attached leg to bin 
wall
Scale: 1 cm = 85 MPa 
(a) Section I
® Experimental Stress 
at outside surface
^ Experimental Stress 
at inside surface
' Finite element 
analysis
8—e-
Attached leg to bin 
wall
Scale: 1 cm = 85 MPa
(b) Section II
Attached leg to bin 
wall
Scale: 1 cm = 85 MPa
(c) Section III
Note: See Fig.6.17a for
Location of 
Sections I, II an 
III.
Fig. 6.21 Stresses Distribution for Specimen (a) 
(No Surrounding Sand) at load = 15.6 kN
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Attached leg to bin 
wall
Scale:. 1 cm = 85 MPa 
(a) Section I
«Ote:
See Fig. 6.17a for 
Location of Sections 
I, II and III.
Attached leg to bin 
wall
Scale: 1 cm = 85 MPa 
(b) Section II
O  Experimental
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surface
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surface
Attached leg to bin 
wall
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Finite element 
analysis
Fig. 6.22 Stresses Distribution for Specimen (b) (Embedded in Sand) 
at load = 18.2 kN
Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.
-Ill'
Attached leg to bin 
wall
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(a) Section I
See Fig. 6.17b for 
Location of Sections 
I, II and III.
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Attached leg to bin 
wall
Scale: 1 cm = 85 MPa 
(b) Section II
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wall
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analysis
Fig. 6.23 Stresses Distribution for Specimen (c) (Embedded in 
Sand) at load = 22.2 kN
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Nodal Point
Displacement of Edge "A” in y-Direction (mm)
Fig. 6.24 Deformation of Free Edge of Free Leg at Load 
Increment = 15.6 kN
Bin WallO  Finite Element method
^  Average Experimental Result 
of Tests (a) and (b) angle 63.5 x 
63.5 X 1.525 
mm
36
0-1.5 - 1.0 0.5 1.0 1.5
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O  Finite element method
Bin Wall
•Angle 63.5 X 
63.5 X 1.525 
mm
^  Average Experimental Result, 
of Tests (a) and (b) /
■t-
-15.0 - 10.0 0-5.0 5.0 10.0 15.0
Displacement of Edge "A" in y-Direction (mm)
î'ig. 6.25 Deformation of Free Edge of Free Leg During Postbuckling 
Stage.
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Fig. 6.26 Photograph of Stiffener Buckling 
Mode of Specimen (b) at Earlier 
Buckling Stage.
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Angle 63.5 X 63.5 X 1.525 mm
CO
UO
Scale
Fig. 6.27 Elastic Buckling Mode for the Bin 
Stiffener with No Surrounding Sand.
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the postbuckling. stage from the mid height to the top of the 
stiffener. This observation is valid for both of the analytical
and experimental results (Fig. 6.28 and Fig. 6.29).
Fig. 6.30 and Fig. 6.31 show the experimental and 
analytical deformations at the postbuckling level for a stiffener 
embedded in sand (Test (c)). The analytical analysis was based 
on an assumed Young's modulus of 7,0 MPa (1000 psi). Similarly, 
it can be observed that the location of the maximum lateral 
displacement is at the top of the stiffener in both of the 
experimental and analytical results. Also, it can be observed 
experimentally and analytically that, at any level of loading, 
lateral displacements of the angle embedded in. sand (Test (c)), 
is considerably less than the deformation for the angle not 
embedded in sand.
In these tests, the top ends of the stiffeners were 
totally free to move in any direction except at the point which 
was connected to the bin wall. The lateral and horizontal 
movements of this point were protected. The boundary condition 
of the bottom end was similar to the top end, however, the 
friction between the bottom base and the floor partially 
restrict the freedom of movement and rotation. Although there 
is no complete symmetry between the top and bottom ends, a 
symmetric solution neglecting the partial restraint at the 
bottom end was considered in the analytical solution. For a 
short column axially loaded as presented in tests (a), (b) and (c),
the top plate does not rotate even in the postbuckling stage, 
but it rotates at failure only; therefore a symmetric analysis 
is valid for the comparison in that case.
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4
Fig. 6.28 Photograph of Buckling Mode of
Specimen (a) at Postbuckling Stage.
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Angle 63.5 x 63.5 x 1.525 mm
Fig. 6.29 Deformation of the Bin Stiffener With 
No Surrounding Sand in the Incremental 
Postbuckling Stage Analysis.
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Fig, 6,30 Photograph of Buckling Mode of 
Specimen (c) at Postbuckling 
Stage.
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Angle 63.5 x 63.5 x 1.525 mm
Scale: 1 cm = 12.7 mm
Fig. 6.31 Deformation of Bin Stiffener Embedded 
in Sand in Incremental Postbuckling 
Analysis.
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The relation between the load and lateral displace­
ment at mid-height of the stiffener is shown in Fig. 6.32.
"^ he analytical results of three different cases are presented, 
namely.: stif fener in empty bin, stif fener embedded in sand 
'^ith a modulus of elasticity of 7.0 MPa (1000 psi) and 14.OMPa 
(2000 psi). These analytical results show that local buckling 
of the angle, which is recognized by the significant stress 
Concentration along the connected longitudinal edge is higher 
for the case of stiffener embedded in sand. This shows the 
ultimate capacity of the angle embedded in sand is about 1.5 
that of the stiffener of an empty bin.
Table 6.5 shows the load resistance of a thin cold 
formed steel stiffener in an empty bin. Herein, the results 
obtained experimentally and analytically (Finite element presen­
ted herein) are observed to be lower than the corresponding re- 
^hlts of ref. (35). This is due to the fact that ref. (35) is 
based only on the overall torsional flexural buckling of the 
plate components. On the other hand CAN3-S136-M84 (10) provides 
two formulae. The first leads to the results close to ref. (35). 
^ot, the code limits the load resistance by another formula which 
based on the initiation of local buckling of the plate com­
ponents. The results of the later formula leads to the listed 
Value which is considerably lower than the observed capacity 
according to the study presented herein which accounts for the 
postbuckling effect of the plate components.
The case for the stiffener with no surrounding sand 
compared with tests (a) and (b) (Fig. 6.32); however, for
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Table 6.5 A Comparison Between the Load of 
Resistance of the Tested Section (a)
63.3 X 63.5 X 1.524 mm Calculated by 
Different Methods
Type of Calculation
Load of Resistance
kN Kips
Experimental 19 4.0
Finite Element 
Analysis Present 
Herein
20 4.5
CAN3-S136-M84 9* 3.4
Ref. (35) 32 6.1
The load resistance is governed by local buckling 
while overall torsional flexural buckling load is 
calculated equal 40 kN (90 ksi).(10).
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the stiffener embedded in sand, the ultimate load carrying 
capacity is recorded experimentally as shown in Fig. 6.32.
A comparison between such experimental load carrying capacity 
^nd the corresponding analytical behaviour is presented in 
Pig. 6.32.
One of the reasons which cause the difference be­
tween the experimental and analytical results is the load 
Eccentricity. The irregularity of the corrugated sheet 
caused either the top or bottom connection to be loose, i.e., 
allowing for the eccentricity. Therefore, the theoretical 
Point of significant start of stress concentration is higher 
than the corresponding experimental value of about 10% - 20% 
in both cases of empty and filled bin (Fig. 6.32).
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CHAPTER 7
OBSERVATIONS AND DISCUSSION
7.1 GENERAL:
The behaviour of stiffeners in grain bins and the
effect of their being embedded in grain mass was examined through
the following analysis of stiffeners of two different cross-
sections. The first example deals with an angle 5 0 . 8 x 50.8 iran
(2 . 0 X 2 . 0  in.). and 762 mm ( 30 in.) of unsupported height
(Pig. 1.2). In that example, two different thicknesses were
considered, 1.524 mm (0.05 in.) and I . 9 mm (O. 0 7 5 in.) (3 ). The
second sample was a channel cross-section 2 0 3 . 2 x 5 0 . 8 mm (8.0
X 2.0 in.) with 7^2 mm (30 in.) unsupported height and a
thickness of 1.524 mm (O.O6 in.) ( 3.) . The incremental load was
assumed uniform and constant on the critical segment.
As mentioned in Chapter 5, the effect of the grain
material was presented as lateral elastic supports along the
stiffeners where the modulus of grain reaction is a function of
the modulus of elasticity for the granular material. For
comparison, a case of no granular material around the stiffener
(i.e. E = 0 ) was examined together with cases of modulus of 
g
elasticity for the granular material equal to 3-5» 7-0» 14.0 
21.0 MPa (5 0 0» 1000, 2000 and 3000 psi) . The above range
of E was chosen to cover the actual range for the modulus of s
elasticity which falls between 10.5 - 16.25 MPa (1500 - 2500 psi) 
as obtained from Manbeck's curves in Chapter 5. These values 
Were calculated using the horizontal and vertical stresses 
determined in Chapter 3.
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7.2 EXAMPLE NO. 1 (ANGLE SECTION):
In order to reduce the number of the degrees of 
freedom, symmetry around mid height of the stiffener was con­
sidered in the finite element analysis herein. The mesh for 
the stif fener over half the height of the angle -50,8 x 50 «8 mm 
(2.0 X 2.-0 in.) is shown in Fig. 7.1. Thirty-two elements 
and forty-five nodes were used in this analysis. Nodal points 
1, 2, 3, 4 and 5 were prevented from the movement in the y and 
2 directions, as well as prevented from rotation about the 
X and z directions. The Nodal points 41, 42, 43, 44 and 45, 
which are at the mid-height of the stiffener, were prevented 
from movement in the x-direction as well as from rotation 
around the y and z directions. Plate component 2 was in contact 
with the bin wall, therefore all its nodes are prevented from 
positive movement in the z-direction. The condition is
accounted for by assuming an elastic support with high values 
for the modulus of grain reaction at all the nodes which undergo 
positive displacement.
7.2.1 Load-Displacement Relationship;
The load displacement curves for both sections A:
50.8 X 50.8 X 1.524 mm (2.0 x 2.0 x 0.06 in.) and B: 50.8 x
50.8 X 1.9 mm (2.0 x 2.0 x 0.075in) are presented in Fig. 7.2 
and Fig. 7.3 respectively. The lateral displacement was 
calculated at nodal point 41 (Fig. 7.1). Herein, an equivalent 
buckling load was defined as outlined in Kinloch's analysis (30 ), 
i.e. the load increment at the intersection of the tangent of 
the load—displacement curve at the point of inflection and the
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Plate (2)
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X,Y,Z Global Axis 
^I ’^ l ’^ l ^°cal Axis of Plate ( 
^2’^2’^2 Local Axis of Plate (
Fig. 7.1 Finite Element for the Stiffener Angle
50.8 X 50.8 mm (2.0 x 2.0 in).
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initial tangent of the same curve. The equivalent buckling
load is presented for different cases of E , Fig. 7.2 Angle
S
(A) reached its ultimate load carrying capacity within the 
elastic limit for all cases^ with or without being embedded in 
the granular material. •-Herein^- the. local buckling for the free leg 
occurs in the elastic range« In the case of Angle (B) (Fig. 7.3) 
the load carrying capacity was governed by the yield limit of 
the stiffener, especially when embedded in grain because the 
exitence of grain increases the local buckling limit to become 
higher than the yield limit. In that example, the yield stress 
was considered to be equal to 240 T»TBa (35000 psi) . With no 
surrounding granular material, the equivalent buckling started 
with the average stresses within the elastic limit, yet the 
stress concentration at the corner led to the yielding. Large 
displacement took place at load increment of 64#.0 kN (14.4: kips) 
due to yielding of the elements. The iteration procedure at 
that level of load increment was ended by the master stiffness 
matrix not becoming positive definite. The type of stabilizing 
material, i.e. E does not affect the magnitude of the load at 
which yielding occurred.
The equivalent buckling load can be determined from 
Pig. 7.2 for the different types of granular material (i.e. 
different values of the modulus of granular material) as listed 
in Table 7.1. The relation between the modulus of the surround­
ing granular material and the equivalent buckling load of the 
longitudinal bin stiffener is plotted in Fig. 7.4, including 
the case of no surrounding granular material. The stiffener
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TABLE 7.1 Relation Between the Equivalent Buckling 
Load and the Modulus of Elasticity of 
Grain Surrounding the Stiffener 
50.8 X. 5 0 * 8 X 1 . 5 2 4 ram (2.0 x 2.0 x O.O6 in.)
Modulus of Elasticity 
of Grain (E^)
Equivalent Buckling 
Load as Defined by 
Kinloch & Harvey (28)
MPa Ksi kN Kip
0 0 24 5.4
3.4 0.5 37 8.3
6.9 1.0 42 9.4
13.8 2.0 43 9.7
27.6 3.0 43 9.7
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embedded in the granular material with E =3.5 MPa C500 psi)
g
has a load carrying capacity of 1.5 times that of the stiffener 
without surrounding granular material. When the modulus of 
elasticity increases to 7*0 MPa (1000 psi) (i.e. double the 
above value), the above ratio is increased to 1.7 (Fig. 7.2 
and Fig. 7.4) while further increases in the grain modulus 
does not significantly increase the load carrying capacity of 
the stiffeners.
7.2.2 Deformation of Stiffener through Postbuckling Stage:
One cross-section (A)r'i 50 ,.8 x 50 .-8 x 1.524- mm has been 
studied to present the- effect of the granular material on the 
deformation of the stiffener. Plate (1) (Fig. 7.1) which is 
only supported elastically by the granular material reaches 
its local buckling at a lower load than Plate (2) (Fig. 7.1), 
which was partially restrained by the bin wall (Fig. 1.2).
The deformations of Plate (1) at the equivalent buckling load 
are presented in Fig. 7.5 and Fig. 7.6 for comparison between 
the cases of the different types of surrounding granular
niaterials (i.e. E .= 0, 3*5» 7*0» 1^.0 and 21.0 MPa (0» 500,
g
lOOO, 2000 and 3000 psi). It is noticed that the maximum 
deformation takes place at mid-height in the case of the 
stiffener with no surrounding granular material, while in the 
Case of the embedded stiffener, the position of the maximum 
deformation is located near the top. This could be attributed 
to the fact that large displacement induces high reaction from 
the granular material, i.e. larger restraining effect at mid 
height of the embedded stiffener. As expected, the modulus
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Nodal Point 
1,2
Displacement of nodal
Displacement of nodal
11,12
21/, 22
31,32
6^37
41,42
-0.150 0- 0.100 -0.050 0.050 0.100 0.150
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Fig. 7.5 Deformation of Upper Half of Free Leg in the Case of No 
Surrounding Granular Material at the Equivalent Buckling 
Load.
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Load for Different Types of Granular Material.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-136-
of elasticity of the surrounding granular material has an 
effect on the number of the buckling waves as shown in 
Fig. 7.6. When the grain modulus is equal to zero (no sur­
rounding granular material), the number of the buckling waves 
is seven, while the number of buckling waves increases to 
eleven when the stiffener is embedded in grain. As expected, 
the absolute magnitude of the stiffener deformation at the 
equivalent buckling load level decreases when the modulus 
of the granular material is increased as shown in Fig. 7.6.
Finally, the deformation shape of the stiffener 
with no surrounding granular material, and that of stiffener 
embedded in the granular material with modulus equal to 500 psi 
(3.5 MPa) are presented in Fig. 7.7 and Fig. 7.8 respectively 
at the equivalent buckling load.
7.2.3 Stress Distribution over Stiffener Cross-Section 
Through Postbuckling Stager
The stresses are uniformly distributed over the 
cross-section during the initial load increments. At the 
beginning of the local buckling, stress concentration develops 
near the connected edge of the plate components, as expected. 
The ratio between the stress near the connected edge and the 
stress near the free edge of the free leg increases rapidly 
through the post buckling incremental load. At the same time, 
the same ratio of the stresses has a low rate of increase over 
the leg connected to the bin wall. The distribution of 
stresses at the first buckling load increment, and within the
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Angle 50.8 X 50.8 X 1.525
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Scale: 1 cm = 0 . 1 2 7  in
Fig. 7.7 Deformed Shape of Stiffener With No
Surrounding Granular Material at Equivalent 
Buckling Load ( 19 • 8 IcN )
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Angle 50.8 x 50.8 x 1.525
Scale: 1 cm = 0.127 in
Fig. 7.8 Deformed Shape of Embedded Stiffener in 
Granular Material with E « 3.5. MPa at 
Equivalent Buckling ( 3 7 • ^  / •
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postbuckling range are shown in Fig. 7.9 and Fig. 7.10, for 
the case without and with surrounding granular material respect­
ively. The stress concentration of stiffener embedded in 
grain is less than the stress concentration of empty bin 
stiffener because of the absolute magnitude of displacement for 
the plate components of stiffener embedded in grain is less than 
the corresponding displacement of empty bin stiffener.
7.3 EXAMPLE NO. 2 (CHANNEL SECTION):
The mesh used for the stiffener of the channel cross- 
section was considered for one half of the stiffener because of 
the assumed symmetry about the middle section (Fig. 7.11). In 
that example, sixty-four elements and eighty-one nodes are 
being used. The nodal points 1, 2, ... to 9 are prevented from
movement in the y and z directions and the rotation around x 
and z direction, while the nodal points 73 to 81 at the centre 
line are prevented from movement in x-direction and the rotation 
around & and Z directions. The incremental load was applied 
at the ends of the components in the axial direction. Plate 
component 3, was attached to the bin wall with 762 mm (30.0 in) 
unsupported length (Fig. 7.11). All the nodes of Plate Com­
ponent 3 were prevented from positive movement in the y- 
direction (similar to Plate Component 2 in Example 1). This 
condition is represented by assuming elastic supports with 
high values of the grain modulus for all the nodes which 
belong to Plate Component 3 with possible positive displace­
ments in the y-direction.
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Fig. 7,9 Stress Distribution Along Middle 
Section in Case of No Surrounding 
Granular Material.
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Fig. 7.10 Stress Distribution Along Middle
Section in Case of Embedded Stiffener 
in Granular Material with E = 1^.0 kN
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Fig, 7.11 Finite Element of Stiffener Channel
203.2 X 50.8 X 1.525 mm.
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7.3.1 Load-Displacement Rëlatidnshipr
The load-displacement curves for the case of the 
stiffener with no surrounding granular material and embedded 
in different types of granular material (i.e. E = 3«5» 7*0»
14.0, 21.0 and 24.5’MPa (500, lOOOr 2000, 3000, 3500 psi) 
are presented in Fig. 7.12. The lateral displacement was 
calculated at nodal point 77 (Fig. 7.11).
The equivalent buckling load as defined in Example 1 
for the case of the stiffener with no surrounding granular 
material (Fig. 7..12) is slightly higher than the calculated 
value using the approximate formula for the web plate component 
2 (considering the longitudinal edges as simply supported).
^cr =
Fig. 7.13 presents the relationship between the granular material 
modulus, and the equivalent buckling load including the case 
of stiffener with no surrounding material. Table 7,2 presents 
the values of the equivalent buckling loads of different granular 
material types. Herein, the buckling load for the stiffener 
embedded in the granular material with a low grain modulus,
E g =  3*5 MPa (500 psi) is 1.7 times the corresponding load of 
the stiffener with no surrounding granular material. Also the 
rate of increase for the buckling load is reduced with the increase 
in the modulus of the granular material (Fig. 7.13).
7.3.2 Deformation of Stiffener Through Postbuckling Stagei
Local buckling starts in plate component 2 of the 
channel earlier than both of plate components 1 and 3. The 
local buckling behaviour for plate component 2 of the channel
Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.
143r
o
to
IT)
CM
iri
en
m
CM
00
T-4
om
in
CM\o
O
o
m 4J
W.
o
iHCVJ m
CMo
r-4
O
O
o o oo o oo o o o
4J
•H
u
cnca
r-4
M
d-l
o
CO
3
T^
3T3
01
0)a
o •
> g4J *H 
C  4JQ) U 
U 0) 
OJ* CO M-lLW p-4
•H 0)
gV4 (0
O . Æ  
144 U
m  >44
^ °
S'
•^f-4 
4J W  
C 0) (U 4J
§:§U0 V4 
r -4  CO CX f—4 
CO 3  
•H P
? 2 TO O CO
O tw 
^  O
CNr-4
ûî)• H
00 vO CN 00 cs
(N^ ) P^oi
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-144-
evj
00m
I—I
00
m
o
in
•rH
O00 oo o00CM
in
CMin
X
0) oo
no
ccd
oin
X
CM
« m
I S
Si
w «
ca 4 4
1 5
CO CO Ll
U  4 4  O
H4
O 'O
CO
CO o
3 to 
T3 C0 **4
- z
01 CJ
X 3j_l po
a 440) 0  
0) OJ
5 '
4J CO(U > 
03 »r43
eu cr "W W
ca 00 
C C 
O  *H 
•H 73 
4-1 C 
CO O
r 4  O.
(U CO 
30 3  U4
3  >4
gcS
m
I— i
ci
*r4Eb
(NM) p h o t  Sufx^ong auaxBAtnba
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-145-
TABLE 7.2 Relation Between the Equivalent Buckling 
Load and the Modulus of Elasticity of 
Grain Surrounding the Stiffener 
' 203.2 X 5 0 .8- X 1,524 mm (8:0.x 2.0 x 0.06 in.).
Modulus of Elasticity 
of Grain )
Equivalent Buckling 
Load as Defined by 
Kinloch and Harvey (28)
MPa Ksi kN Kip
0 0 44 9.9
3.4 0.5 75 16.5
6.9 1.0 91 20.5
13.8 2.0 132 27.0
27.6 3.0 153 34.4
31.0 3.5 155 34.8
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is the same as that of the leg of the angle in Example 1.
The maximum lateral displacement for the stiffener with no 
surrounding granular material takes place a mid height while 
the maximum displacement occurs at the top of the stiffener 
when it is embedded in grain (Fig. 7.14 and Fig. 7.15). This 
observation is due to the relationship between the grain reac­
tion and displacement as explained in Example No. 1. Also, as 
expected, the magnitude of the displacement decreases with the 
increase in the modulus of the granular material.
The buckling mode of the stiffener with no surround­
ing granular material has five waves, while the number of 
waves increases to nine when a stiffener is embedded in the 
granular material with grain modulus equal to 500 psi (3.5 MPa) 
and 1000 psi (7.0 MPa). Further increase of the grain modulus 
to 2000 psi (14.0 MPa) and 3000 psi (21.0 MPa) increases the 
number of waves further to eleven.
The deformed shape of stiffeners with channel cross- 
section 8.0 X  2.0 X  0.06 in. (203.2 x 50.8 x 1.524 mm) is shown 
in Figs. 7.16, 7.17 and 7.18 for the case of the empty bin, and 
in the presence of granular material with modulus of elasticity 
equal to 500 psi (3.5 MPa), and 2000 psi (14.0 MPa) at the 
equivalent buckling load.
7.3,3 Stress Distribution over Stiffener Cross-Section 
Through Postbuckling Stagel
At the earlier load increment, the stress distribution 
at the middle section is assumed to be constant for the stiffener 
either with or without surrounding granular material. At the 
initiation of local buckling, the variation of the stress
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Fig. 7.14 Deformation of Upper Half of Web in the Case of
No Surrounding Granular Material at the Equivalent 
Buckling Load (32.0kN )•
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Ei 7.15 Deformation of Upper Half of Web of the Equivalent
Buckling Load for Different Types of Granular Material.
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/
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203,2 X 50.8 X 1.525
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Fig. 7.17 Deformed Shape of Embedded Stiffener in 
Granular Material with E = 3*5 M P a  
the equivalent Buckling ®Load (1|"8. Ok N  )
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Fig.. 7.18 Deformed Shape of Embedded Stiffener in 
Granular Material with Eg = 14. OMPa at 
the Equivalent Buckling Load ( 8 0 . OkN. )
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distriJaution can be observed in the plate component 2 while 
little effect takes place for both plate components 1 and 3.
More concentration of the stresses is observed in the post­
buckling near the connected edges, especially in the plate 
component 2. Fig. 7.19 and Pig. 7.20. show the. stress distrib­
ution for the above three levels of the loading in the case of 
the stiffener without surrounding material and stiffener embedded 
in grain with modulus equal to 3-5 MPa (500 psi) It is also 
noted that the stress concentration of the stiffener embedded 
in grain is less than the stress concentration of the empty 
bin stiffener exactly as explained in Example No. 1.
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• CHAPTER 8
• CONCLUS lOIT
The work presented herein was concerned with the 
analysis and design of thin walled stiffeners used in flexible 
grain bins. More specifically two problems were investigated, 
namely, the axial load induced- in the stiffener, and 2) the load 
resistance of the thin walled stiffener embedded in grain 
material. The following conclusions were drawn from the results 
obtained from the two main sections of the study:;
I. Analysis of Grain Pressure
1. The finite element analysis was used to evaluate
the horizontal and vertical components of grain pressure induced 
on the bin wall. The magnitude and distribution of the grain 
pressure was found to have an influence on the rigidity of the 
wall. This effect is considerable, especially on the vertical 
component.
2. The pressure distribution was found to be more realistic 
through the improved analysis in which 1) a spring type of inter­
face element was applied and 2) the excess stress in a failed 
element was redistributed over the neighbouring element.
II. Load Resistance of Stiffener
The study for the behaviour of the bin's longitudinal 
stiffeners embedded in grain material leads to the following:
1. The load resistance of the bin's longitudinal
stiffeners is increased by about 50% as a result of taking into 
account the grain material surrounding it.
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2. Most of the effect of the grain material is ob­
served at a relatively low magnitude of the modulus of 
elasticity of the grain. Further increase in this modulus 
has little effect on the load resistance of the stiffener 
(see Figs. 7.4 and 7.13).
3. The axial stress is concentrated near the connected 
edges of the plate component when the incremental load reaches 
the buckling limit. Failure was usually triggered when the 
concentrated stress reached the yield limit.
4. The stress concentration near the connected edges of 
the plate component of stiffener embedded in grain is less 
than the stress concentration of stiffeners with no surround­
ing granular material. Such stress concentration ratio de­
crease with an increase in the modulus of elasticity for the 
grain.
RECOMMENDATION FOR FURTHER WORK;
Members made of thin-plate components (such as 
cold formed steel members) are widely being used in the 
structures. The rigidity and load carrying capacity of 
such members is usually governed by the local imperfection, 
buckling and post-buckling behaviour of their plate com­
ponents. For every day design of thin-plated members the 
concept of the "Effective Width" is applied to determine the 
behaviour and load carrying capacity of their thin plate 
components in compression. The effect of adjacent plate 
components on the relationship between the effective and 
actual plate width is not accounted for. Therefore, a 
modified and more accurate relationship should be developed
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with additional parameter to account for the interaction of 
local buckling between different plate components. This 
objective can be achieved by using the present analysis. 
Herein, the problem of effective width of thin plates in 
compression can be analyzed under different section proper­
ties and load condition.
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APPENDIX (A)
THE RELATION BETWEEN THE 
CONSTANT OF THE DISPLACEMENT FUNCTION 
AND THE NODAL DISPLACEMENT
^•1 GENERAL
The relation between the constants . . . .0^22 / ^ 22'
of the displacement function as in equations (4 .4 ), (4 .5 )
^nd ( 4.. 6) and the displacement at the nodal point of each element 
be written in terms of the matrix [A] as follows :
\d\ = [A] {a} (A.l)
matrix [A] is a function of plate element dimension "a" and "b".
^•2 EXPRESSION OF-- MATRIX [A] ;
The displacement vector d can be expressed as the 
^displacement vector at each node as follows:
{dj — dj, / dij^] (A.2)
'^hiie each nodal displacement is expressed as the displacement and 
dotation in X, Y, and Z direction as follows:
M i r  = # )  1-1-35'i ] (A.3)
'^hiie as explained in Chapter 4 the displacement functions in 
Y and X directions are:
u = (A. 4)
V  = a ^ + a g X + c i ^ y  +o-gX= + a ^ xy 4- + (A. 5)
aj.ix=y
= °-13 +""14^ *"'^15^ +""16::' *""^17^^ +""18^'
""19^' •"°'21^y' "*“ 22^' +^23^'y (A.6)
+
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X
k. (a,b)
i (0 ,0 ) 1(0,b)
Fig. A.l Element Coordinates
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Then:
| 2  =  a ^5 +  4. 2a,gy +  a^gX' * 2a^,xy
^“ 22^" ■" “23^" 3a24xy=
(A.7)
dw
d3E - ■ “ 14=5 — CL„ 2“ i6^ “ l?y 3a, gx' Zajgxy (A. 8)
dv
^21^' 3(%23x'y 0^ 2 4^'
= o-c + ZoCqX + a^y + 3a.-x= + 2a. .xyd3E - '"6 - “^8- 10- ““ 11--^  (A. 9)
+3a^2^=‘y
Substituting by the coordinates of the nodal points as shown 
in Fig. A.l into the above equations, leads to the required 
relationship.
The following expressions, show the relationships according to 
the nodal (i) as an example:
xiji^ — CL 2^ (A.10)
“ CL^  (A.11)
— ^13 (A.12)
dw. _ °-i 5 (A. 13)
(d^Ii
(-É2) = - a . (A. 14)
dx.i ' ^
— cig (A. 15)
i
The expressions for nodal points J, K, and L can be 
written by the same procedure, then the non-zero elements 
of matrix [A] are:
A(l,l) = 1.0
A(2,5) = 1.0
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A(3,13) = 1.0
A(4,15) = 1.0
A{5,14) = -1.0
A{6,6) = 1-0
A(7,l) = 1.0
A(7,2) — 3.
A(8,5) = 1.0
A(8,6) = a
A (8,8) =
A(8,10) = a^
A(9,13) = 1.0
A(9,14) = a
A(9,16) = a=^
A(9,19) = a3
A{10,15) = 1.0
A(10,17) = a
A(10,20) = a=
A(10,23) = a^
A(ll,14) = -1.0
A(ll,16) = -2a
A(ll,19) = -3a=
A(12,6) = 1.0
A(12,8) = 2a
A(12,10) = 3a=
A(13,l) = 1.0
A (13,2) — a
A(13,3) = b
A ( 13 , 4 ) = ab
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A(14,5) 1.0
A(14,6) = a
A(14,7) = b
A(14,8) = a^
A(14,9) = ab
A(14,10) a^
A(14,ll) = a^b
A(14,12) — a^b
A(15,13) = 1.0
A(15,14) = a
A(15,15) b
A(15,16) = a=^
A(15,17) = ab
A(15,18) = b=^
A(15,19) = a^
A(15,20) = a^b
A(15,21) = ab^
A(15,22) = b^
A(15,23) = a^b
A(15,24) = ab^
A(16,15) = 1.0
A(16,17) = a
A(16,18) = 2b
A(16,20) = a^
A(16,21) = 2ab
A(16,22) = 3b^
A(16,23) = a ^
A(16,24) = 3ab
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A(17,14) -1.0
A(17,16) = -2a
A{17,17) = -b
A(17,19) -3a^
A(17,20) -2ab
A(17,21) = —b^
A(17,23) 3a^b
A(17,24) = -b^
A(18,6) = 1.0
A(18,8) 2a
A{18,9) =' b
A(18,10) = 3a=
A(18,ll) = 2ab
A(18,12) = 3a^b
A(19,l) = 1.0
A(19,3) b
A(20,5) = 1.0
A(20,7) = b
A(21,13) = 1.0
A(21,15) = b
A(21,18) = b=
A(21,22) b^
A(22,15) = 1.0
A(22,18) 2b
A(22,22) 3b''
A(23,14) -1.0
A(23,17) = -b
A(23,21) = -b^
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A(23,24)
A(24,6) = 1.
A(24,9) b
e x p r e s s i o n : ‘OF MATRIX CÀ] ~
The non zero elements of •
a “^(1,1) = 1.0
a “^(2,1) = a
a “^(2,7) = 1a
a "^(3,1) = 1b
a “^(3,19) = 1b
a "^(4,1) = 1ab
a "^(4,7) 1ab
a ”^(4,13) = 1ab
a "^(4,19) = 1ab
A-^(5,2) = 1.0
a "^(6,6) = 1.0
a "^(7,2) = 1“b
a “^(7,21) = 1b
a "^(8,2) = 3
a " ^ (8,6) _2a
a "^(8,8) = 3a=
a "^(8,12) = _1a
-1
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A-1 9,6)
A-1 9,24)
A“^ 10,2)
A-1 10,6)
A-1 10,8)
A-1 10,12)
A"1 11,2)
A"^ 11,6)
A“1 11,8)
A’^ 11,12)
A“^ 11,14)
A"^ 11,19)
A“1 11,21)
A-1 11,24)
A"^ 12,2)
A-1 12,6)
A-1 12,8)
a "^ 12,12)
A-1 12,14)
A-1 12,19)
a ”" 12,21)
12,24)
b
1
b
2
P
1
E:
2
-%:
1
P
3
r"b
2
ab
3
‘P ’b
ab
3
âTb
1
ab
3
âTb
2
ab
2
1
p-b
2
iFb
1
âTb
2
âTb
1 
a^  b
2
a^  b
1
âTb
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A-: 13,3) 1.0
a "^ - 14,5) = -1.0
A-^ 15,4) 1.0
A-1 16,3) = 3
■
A"^ 16,5) = 2
A“1 16,9)
a
3
A"1 16,11)
a^
1
A”^ 17,3)
a
1
A“1 17,4)
ab
_1
A"1 17,5)
a
1
b
A“1 17,9) 1
ab
1A"1 17,10)
A"^ 17,15)
a
1
ab
A'^ 17,21) =:
ab
A~1 17,23) 1 
” b
A"^ 18,3) = 3
” b^ "
a ”^ 18,4) = 2
b
A-1 18,21) = 3
b=
a “^ 18,22) = 1
b
A"1 19,3) 2
A-1 19,5) —
a'»
1
■  Z:
A-1 19,9) = 2
“
A-: 19,11)
1
- Z:
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A“1 20,3)
A-^ 20,5)
A-1 20,9)
a "1 20,11)
A-^ 20,15)
A-1 20,17)
A-1 20,21)
A-" 20,23)
A-: 21,3)
A-: 21,4)
A-" 21,9)
A-1 21,10)
A-" 21,15)
A-: 21,16)
A-1 21,21)
A-1 21,22)
A-^ 22,3)
A-" 22,4)
A-: 22,21)
A-^ 22,22)
A-" 23,2)
A-^ 23,5)
3
sTb
2
ab
3
a^ b 
1
ab
3 
a^ b
ab
3
âTb
2
ab
3
ab"
2
ab
3
ab"
2
ab
ab"
1
ab
3
ab"
ab
2
b"
2 
a" b
1 
a^ b
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a ”^(23,9) =
A ^(23,11) = ^
a "^(23,15) = ^
a ”^ (23,17) = ^
a “^(23,21) = ^
A -^(24,15) =
A "(24,16) =
a"b
1 
a" b
2 
a" b
1 
a^ b
2 
a" b
a "3-(23,23) = - ^
A-’-(24,3) = - ^
A-1(24,4) = - ^
A-3-(24,9) = ^
A~3-(24,10) = ’ab"
ab-
-1 ,0 . _ 1
ab"
- 1 ,0 . o . x  _  2A "(24,21) =
a"^(24,22) = - ^
ab"
1
ab'
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APPENDIX (B)
THE RELATION BETWEEN THE STRAIN AND 
THE CONSTANT OF THE DISPLACEMENT FUNCTION
B.l GENERAL
The relation between the constants   ^22'
^22 and of the displacement function [equations (4.4), (4,5)
and (4.6)], and the strain relation at each element can be written 
in terms of the matrix [B] as follows:
1^1 = [B] ja| (B.l)
^he matrix [B] is divised into two parts (B ] and [B_] which are
O xj
linear and nonlinear respectively.
B.2 EXPRESSION OF LINEAR PART [Bp]:
The strain vector can be expressed as plain strain {^p}
and bending strain as follows :
du
m :
dv
E l  (iy
, PI I du , dv .
|e| =  ^ > = < dy 9x } (B.2)
^bl I d"w
dSF* 
d" w 
d ^  
d" w2
dxdy
^hile the displacements functions in x, y , and z direction as 
explained in Chapter 4 are :
U = + a2^ + a^y + (B.3)
V = ag + ttgX + a j Y  + cXgX" + a^xy + (B.4)
W = 0^3 + ai4X + a^gy + a^gx" + a^^xy + a^gy= + a^gX" +
°-2 0^^^ + d24xy" (B.5)
Snbstituting equations (B.3), (B.4) and (B.5) into equation (B.2)
Results in.
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du
—  =  CL +  CL y
dv
w
^  ê  “ “ 3 “ 4^ “ e 30gX + ttgy +
3a,^gX» + 2a,^ ,^ xy. + 3
d"w
dx"
d"w
=  -2
2 d"w 
dxcfy
0-16 “ ^0.19^ ~ c^t20^ - “ 0^-2 3^y
-2aig - 2cL2iX - 6(122^ "  ^^24^^
- ^CL±7 "^ 0-20^  ''* "^ 0-217 + 0^-2 3^^
(B. 6) 
(B.7)
(B.8 )
(B.9)
(B.IO)
!cL24y= (B.U )
zero elements of tBol
2) = 1.0
B o ' l
4) = y
B o  <2 7) = 1.0
® o ' 3 9)
= X
B o ' 3 11)
= x"
B o < 3 12)
= x"
B o '3 3) = 1.0
B o  <3 4) = X
B o  <3 6) 1.0
B o  <3 8) = 2x
B o '3 9) = y
B o '3 10) = 3x=
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Bq (3,11) 2xy
B^(3,12) 3x*y
Bq (4,16) -2.0
Bq (4,19) = -6x
B^(4,20) -2y
Bq (4,23) = -6xy
B^(5,18) = -2.0
B^(5,21) = -2x
Bq (5,22) = -6y
Bq (5,24) = -6xy
Bq (6,17) = 2.0
B^(6,20) = 4x
(6,21) = 4y
Bq (6,23) = 6x^
B^ (6,24) = 6y=
2.3 EXPRESSION OF NONLINEAR PART [Bl J:
The expression of the nonlinear strain part is as
follows :
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! < § ) -
# )
Substituting equation (B.5) into equation (B.12), then:
i = + |a^^y©x + +
a^QxyQx + §^21^^^®^ + "2^23^^^^ + 3^24^''^*
(B.13)
+ ^ --y' Gy + ^  x"*0y + |a-.xy=0yT"22- 2 23 2 24'
(B.14)
(#)  ( # = o.^gX= 0y + (?y®y + ?x®x) +ct^j,y0x17 18-
(•|xy^  0y + xy0x) + -1^22^^ ®Y + (B.15)
(•|-x=y0y + •jx^0x)a22 + (jy^Qy + ^*7 ®^ xio- 24
then the non-zero elements of [B^] Matrix are:
B^(l,14)
B^(l,16)
0 X
0 X 
X
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B,
B,
B,
B,
B,
B,
B,
B,
B,
B,
B,
B,
B,
B,
B,
B.
B,
B,
(1.17)
(1.18)
(1.19)
(1.20) 
(1 ,21)
(1.23)
(1.24) 
(2,15)
(2.17)
(2.18) 
(2 ,20) 
(2 ,21) 
(2 ,22)
(2.23)
(2.24)
(3.14)
(3.15)
(3.16)
è®
I® y
& ® y ^
6 y xy
1 9  y y
I ®y= ‘^
2® y
I® X
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B^(3,18) = e^y
Bj.(3,19) = f S y X »
B_ (3,20) = e xyjj y
+ ■ I ®  x^'
Bj.(3,21) = §8
+  e  X  X Y  
B^(3,22) = |e ^y:
B^(3,23) = |e y x=y
" & ® X ^ '
B^(3,24) = i ®  y
+ | e ^ x = y
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APPENDIX (C)
STIFFNESS MATRICES
C.l GENERAL:
Nonlinear analysis for the stiffener embedded in granular 
inaterial is governed by three stiffener matrices; the elastic stiff­
ness matrix, the geometric stiffness matrix, and the stiffener matrix 
due to the interaction of the granular material.
C.2 LINEAR AND INITIAL DISPLACEMENT STIFFNESS MATRICES:
The linear and initial displacement stiffness matrices (43) 
is obtained from the internal strain energy for linear elastic relation 
considering the large deformation as illustrated in (4.4). The follow­
ing equation gives the elastic stiffness matrix in terms of matrix [A] 
^nd [B] (43).
[K^+Kg^] = [a '^]^ [B] [C] [B] [a "-*-] dv (C.l)J '  r . - l i  T  r „ , T  r ^ i  rr,-. r ^ “ l -
[K + K , ]  = h [A~^]^ { ff [B]'^ [C] [B] dxdy) [a"^] (C.2)
0 ©L
where [A] is independent on the x and y as illustrated in Appendix (A),
a.nd "h" is the thickness of the plate. Based on the analysis of the
Matrix [B] as in Appendix (B), the matrix [B] can be written as:
[B] = [Bq ] + [Bl I (C.3)
substituting by equation (C.3) into equation (C.2) the expression
Of the elastic stiffness matrix Is obtained:
(K + K .1 = h [Cl
[[Bq ] [B^]] dxdy) [A '
'"e + KeiJ = ^ [A'^l^ ( / / [B^]^[C] [B^ l + [Bg]^[C] [B^ l +
[Bj^]''^[C] [Bj^l + [B j. l ’ ^tC] [Bg] Id x d y l [A"^1 (C.5)
Ihe matrix [C] is the relation between the stress and strain as
Mentioned at (4.5). Equation (C.5) can be written as follows :
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—I m m (C.6)
[A [KeL] [A
Where the expression of [K^] and respectively, as
follows ;
[Kq ] = [Bq ]*^  [C] [Bq ] dxdy (C.7)
[KeL] = [Bq I^EC] [Bj.] + CBj.]^ [C] [B^ .] +
[B^]"^ [C] [Bq ] dxdy (C.8)
The matrices [Kg] and [K^^] are symmetric and expressed 
in terms of the dimension of the element "a" and "b" in X- and 
Y-direction, respectively (43, 78).
The following equations give non zero elements of the upper 
half, for both : of [K^ ] and [K^^] :
[K^] Matrix:
K(2,2) Cp(l,l) a.b
K(3,3) C^(3,3) a.b
K(2,4) = j  Cp(l,l) a.b=
K(3,.4) = j  Cp(3,3) a'.b
K(4,4) = Y [Cp(l,l)a.b"
K(3,6) = Cq ,(3,3) ab
K(4,6) = Y Cp(3,3) a=b
K(6,6) — Cp(3,3) ab
K(2,7) = Cp(l,2) ab
K(4,7) = |Cp(l,2) ab=
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K(7,7) = Cp(2,2) ab
K(3,8) = C p (3,3) a=b
K(4,8) = I  C p (3,3) a^b
K(6,8) = C p (3,3) a=b
K(8,8) = I  Cp(3,3) a^b
K(2,9) = I  Cp(l,2) a=b
K(3,9) = j Cp(3,3) ab^
R(4,9) = Y a^ 'b^  CCp(l,2) +Cp(3,3)]
K(6,9) = I Cp(3,3) ab^
K(7,9) = I Cp(2,2) a^b
K(8,9) = I  Cp(3,3) a=b:
K(9,9) = Y [Cp(2,2) a^b + Cp(3,3) ab=]
K(3,10) = Cp(3,3) a^b
K(4,10) = I Cp(3,3) a S
K(6,10) = Cp(3,3) a=»b
K(8,10) = I C„(3,3) a"^ b
K(9,10) = ^ C„(3,3) a^b:
K(10,10) = -I C (3,3) a^b
K(2,ll) = i C (1,2) a">b
K(3,ll) = i C_(3,3) a=b=
2 ''P
I s
I S' 
I s
I s
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K(4,ll)
K(6,ll)
K(7,ll)
K(8,ll)
K(9,ll)
K(10,ll) =
K(ll,ll) =
K(2,12)
K(3,12)
K(4,12)
K(6,12)
K(7,12)
K(8,12)
K(9,12)
K(10,12) =
K(ll,12) =
K(12,12) =
K(16,16) =
I S ’
I  S "
I
1  S ' "
I S'"
f S'" 
I S'"-
Is'"
i a S :
I S '3
I S'"
I  ""p'"
I S'"
1-0 S'"
I S'" 
I S'"
4 c ^ d
[C (1,2) + 2Cp(3,3)I
3) a=b:
a^b
a^b:
a S  + I Cp(3,3) a=b3
a V
a^b + i C (3,3) a=>b^ 
9 P
a^b
[Cp(l,2) + 3Cp(3,3) ]
a^b:
a^b
a V
a^b + Y Cp(3,3) a^b: 
a^b:
a^b + I C-(3,3) aS" 
a^b + I Cp(3,3) a^b:
ab
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K(17,17) — 4 C.b(.3,3) ab
K (16,18) 4 C.b(l,2) ab
K(16,19) 6 C.b(l,l) a=»b
K(18,19) 6 C.b(l,2) a^b
K(19,19) — 12 C.b(l,l) a^ b
K(16,20) 2 C^(l,l) ab^
K(17,20) = 4 0.^(3,3) a^b
K(18,20) = 2 Cb(l,2) ab^
K(19,20) = 3 C.b(l,l) a:b=
K(20,20) 43 c:j3(i,i) ab"» +
K(16,21) = 2 C.t,(l,2) a^b
K(17,21) 4 C.b(3,3) ab^
K(18,21) = 2 Cb'(2,2) a^b
K(19,21) 4 C y (1,2) a^ b
K(20,21) = a= b= [C^d ,2) +
K(21,21) 43 C y (2,2) a"*b +
K(16,22) = 6 Cy(l,2) ab:
K(18,22) 6 C^(2,2) ab:
K(19,22) = 9 C^(l,2) a:b:
K(20,22) 4 Cy(l,2) ab:
K(21,22) 3 C^(2,2) a: b:
K(22,22) 12 Cy(2,2) ab:
16 C^(3,3) ab^
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K(16,23) =
K(17,23) =
K(18,23) =
K(19,23) =
K(20,23) 
K(21,23) =
K(22,23) =
K(23,23) =
K(16,24) =
K(17,24) =
K(18,24) =
K (19,24) =
K(20,24) =
K(21,24) =
K(22,24) =
K(23,24) =
K(24,24) =
3 C^(l,l
4 Cy (3,3
3 Cj^(l,2
6 C y (1,1
2 C^(l,l
2 a: fa:
6 (1,2
4 c ^ a , i
3 C^(l,2
4 C^(3,3 
3 C^(2,2
6 Cj^(l,2
a:b= 
a^b 
a: b: 
a: b:
a=b: + 6 (3,3) a"^ b
[Cb(l,2) + 2 C%(3,3)] 
a=b:
a^b: +  ^  C j3(3,3) a ^ b
a:b= 
ab: 
a:b= 
a:b=
2 C^(2,2 
6 C^(2,2
2 a=b: [C^(l,2) + 2 Ch(3,3)]
a:b= + 6 Cj^(3,3)ab
a=b:
4 a:b: [C^(l,2) + (3,3)]
4 C. (2,2) a:b: + ^  C. (3,3) ab
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(Kq )^. Matrix:
^eL(2,14) = ^  e  (1,1) ab
^eL(2,15) = -|WyCp(l,2) ab
^eL(2,16) = j W ^ C p ( l , l )  a^b
^eL(2,17) = I  [W^ Cp(l,l) b + Wy Cp(l,2) a] ab
^eL(2,18) = I  Wy Cp(l,2) ab=
^eL(2,19) = i C^(l,l) a^b
^eL(2,20)
^eL(2,21)
^eL(2,24)
2 X p
T  ^x CpCl-;!) + i  Cp(l,2) a^b
Y,Wy Cp(l,2) a:b= + I Cp(l,l) ab:
^eL(2,22) = | W y C p ( l , 2 )  ab:
^eL(2,23) = Y  Cp(l,l) a: b= + | W y C p ( l , 2 )  a S
? \  Cp(lr2) a=b: + I Cp(l,l) ab'
^eL(3,14) = Y Wy Cp(3,3) ab
^6l (3,15) = i  C'p(3,3) ab
^eL(3,16) = Y Wy Cp(3,3) a=b
^eL(3,17) = J b + W^a] (3,3) ab
^eL(3,18) = Y ^x Cp (3,3) ab^
^eL(3,19) = i w  C (3,3) a:bz y p
^eL(3,20) = ^y i W^a^ ] Cp (3,3) ab
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^eL(3,21) = I  Wyb:] Cp(3,3) ab
^eL(3,22) = ^  C^(3,3) ab^
^eL(3,23) = -| (2 Wy a^b + a'^ ] 0^(3,3) b
^eL(3,24) = [Wy b^ + 2 ab^ ] 0^(3,3) a
^eL(4,14) = I  [W^ Cp(l,l) b + Wy 0^(3,3) a] ab
^eL(4,15) = j  [Wy. Cp(l,2) b + Cp(3,3)b] ab
eL(4,16) = Z  ^x C_(l,l) a^b* + i W C\_(3,3) a^bK 4- "x ^ ^ 3 y "-p
^eL(4,17) = Y  ^x Cp(l/1) ab: + |  C^(3,3) a:b +
I \  Cp(l,2) a=b: + I Wy Cp(3,3) a=b:
^eL(4,18) = Cp(3,3) a^b^ + j  Cp(l,2) ab:
^eL(4,19) = I Cp(l,l) a:b= + | Cp(3,3) a S
^eL(4,20) = ^  VI C .(1,1) a=b: + ^ C  (3,3) a S  +
V p  O X  p
A  "y =p'l'"> a'b' + i  S  Cp(3,3) a'b: 
^eL(4,21) = i C .(1,1) ab^ + ^  C„(3,3) a:b= +
0  ^  P  Q X  P
1  Wy Cp(l,2) a’b= + 3^  Wy Cp(3,3) a:b'
^eL(4,22) = I ^y ^ p (1'2) ab'^  + ^  Cp(3,3) a=b:
^eL(4,23) = I (1,1) a^b^ + ^  Cp(3,3) a^b
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^el.(4,24) = C^drl) ab^ + | Cp(3,3) a^b^
+ A  \  Cp(l,2) a'b^ + ]^ Wy Cp(3,3) a'b^
^eL(6,24) = ^eL(3,14)
^eL(6,15) = ^eL(3,15)
^eL(6,16) = ^eL(3,16)
^eL(6,17) = ^eL(3,17)
^eL(6,18) = ^eL(3,18)
^eL(6,19) = ^eL(3,19)
^eL(6,20) = ^eL(3,20)
^eL(6,21) = ^eL(3,21)
^eL(6,22) = ^eL(3,22)
^eL{6,23) = ^eL(3,23)
^eL(6,24) = ^eL(3,24)
^eL(7,14) = Y Cp(l,2) ab
^eL(7,15) = Y Cp(2,2) ab
^eL{7,16) = i Cp CL,2) a'b
KeL (7,17) = ? Cp(2,l) ab^ + | Cp(2,2) a=b
^eL(7,18) = Y \  Cp(2,2) ab=
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KeL(7,19)
KeL(7,20)
KeL(7,21)
KeL(7,22)
KeL(7,23)
KeL(7,24)
KeL(8,14)
KeL(8,15)
KeL(8,16)
KeL(8,17)
KeL(8,18)
KeL(8,19)
KeL(8,20)
f  W y  S ' " ' "
I W y  S ' " ' "
f  W^ , S  (2-1
î  Wx S'"'"-
2 Wy S ' " ' "
2 W^ Cp(3,3
3 Wy Cp(3,3
î  Wy Cp(3,3 
| W ^  C (3,3
?  Wy Cp(3,3
4 w^ c: (3,3
a^b
a^b* + Y  Wy Cp(2,2) a^b
a^b: + I W^ Cp (2,1) ab:
ab:
a=b: + I Wy Cp(2,2) a S
ab"^  + ^  Wy Cp(2,2) a=b:
a’b
a'b
a:b
a=b: + Y  Cp(3,3) a:b
a d :
a S
a'^ b + W, C (3,3) a:b: j y p
KeL(8,21) Y  [W .b + 2W^.a] C (3,3) a:b:
KeL(8,22)
KeL(8,23)
KeL(8,24)
? W , C; (3,3) a:b:z X p
[§ Wyb + I  W^a] C. (3,3) a S  
[§ Wy b + i  W^.a] C__(3,3) a"b:3 "x
KeL(9,14) % [W^ C (2,1) a + W„ C' (3,3)b] ab X p y p
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KeL(9,16) J Wy c  (3,3) a'b: + I  C_(2,l) a'b
KeL(9,17)
eL(9,18)
KeL(9,20)
KeL(9,21)
i  [C (2,1) + C (3,3)] W a d =  + 
a p p X
Y  [Cp(2,2) a: + Cp|(3,3)b:] ab 
? Wy S'"'"’ + § W^ C^(3,3) ab=
eL(9,19) = i  W ^  C (2,1) a^b + i  W y  Cp(3,3) a'bf
I Wx Cpd'Z) a'b: Cp(3,3) a^b: +
[§- Cp(2,2)a’ + i  Cp(3,3)b"l Wy a=b
W^ C;p(l,2) a=b" + I  W^ Cp(3,3) a'b' +
i  Wy Cp(2,2) a'b' + i  Wy Cp(3,3) ah'*
KeL(9,22) %  Wy Cp(2,2) a'b: + I W^ C-p(3,3) ab
8  X  P
KeL(9,23) A  W% S'"""’ + &  W^  S'"'"' Wj^ aS=
+ & W y  Cp(3,3) a^ b: Wy Cp(2,2) aS
KeL(9,24) ^  (Cp(l,2) + 3Cp(3,3)] Wjj A=b“* +
i Wy Cp(2,2) a^b' + 3^ Wy Cp (3,3) ab^
Keli (10,14) = I  Wy Cp (3,3) a d
KeL(10,15) = 1 w% S'"'"’
Ke L (10,16) — I Wy Cp(3,3) aS
ReprocJucecJ with permission of the copyright owner. Further reproctuction prohibitect without permission.
-193-
^eL(10,17) = |WyCp(3,3) + | w ^ C p ( 3 , 3 )  a S
^eL (10,18) = Y  Cp(3,3) a d ^
^eL(10,19) = ^  Wy Cp(3,3) ba^
^eL(10,20) = I Wy Cp(3,3)a^b"^ + ^  W^ 0^(3,3) ba^
^eL(10,21) = I W C (3,3) a S ^  + i w  C (3,3) a d ^o ^ ^ o y p
^eL(10,22) = Y  ^x Cp(3,3) a d ^
^eL(10,23) = ^ W y C p ( 3 , 3 ) a V  + |  W^ (3,3) a S
^el (10,24) = I (Wyb + 3W^a) 0^(3,3) a d ^
^eL (11,14) = I Wy Cp(3,3) a d ^  + i W^ €^(1,2) a d
^eL(ll,15) = | w ^ C p ( 3 , 3 )  a d ^  + ^  Wy 0^(2,2) a d
^eL(ll,16) = i Cp(l,2) a S  + ^ Wy 0^(3,3) ad"*
^eL(ll,17) = ^  [Cp(2,D + 2C (3,3)] W^ad'
+ i \  Cp(2,2) a S  + 1 W C (3,3) a d ^y p
^eL (11,18) = Y [WyCp(2,2)a + 2W^ 0^(3,3)b] a d ^
^eL (11,19) = Ï3 Cp(l,2) a^b + § W C (3,3) a V
^eL(ll,20) = Y (Cp(l,2) + Cp3,3) ]W^ a S :  + ^ W y C p ( 2 , 2 )  a^b
+ I  Wy Cp(3,3) a d :
^eL(ll,21) = ^  [Cp (1,2) + 4Cp(3,3) ] W^ a d :  +
Y [Cp (2,2)a: + Cp(3,3)b: ] Wyad"
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KeL(ll,22) = I Cp(3,3) a: 1:4 + |  W a'b'
KeL (11,23) = ^  [3C- (2,1) + 2C,^(3 ,3) ] W„ +
X
^  [Cp(2,2)a.: + 3Cp(3,3)b:] W a S .
KeL(ll,24) = ^  [Cg(2,D + 6Cp(3,3)] a d ^  +
80 [10C„(2,2) a: + 8CL,(3,"3)b: ] W ad-
Ke L (12,14) = T" ^x Cp(2,l) a S  + I Wy Cp (3,3) a'tf
Ke L (12,15) = Y Wy Cp(2,2) a S  + I Cp(3,3) a d ^
Ke L (12,16) = J ”x S'"-'"’ + § Wy Cp(3,3) a S =
KeL(12,17) = ^  tCp(2,l) + 3 S  (3,3)] a V  +
^  Wy Cp(2,2) a"b + i  Wy Cp(3,3) a'b'
Ke L (12,18) — i Wy Cp(2,2) a V  + j  Wj^  Cp(3,3) a'b'
KeL(12,19) = [% W^ (2,l)a + ^  Wy Cp(3,3)b] a^b
KeL(12,20) = ^  [2 C p (2,1) + 3Cp(3,3)] a^b: +
[% C,o(3,3) b= + ^  Cp(2,2) a=] W a S
KeL(12,21) = ^  [Cp(l,2) + 6Cp(3,3)] a S :  +
^  [8Cp(2,2) a: + 10Cp(3,3) b= ] W a d =
KeL(12,22) = Y [W^ Cp(2,2)a + 3W^Cp(3,3)b] a d ^
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(12,23) = I  [Cp(l,2) + Cp (3,3)] a V  +
[3^  Cp.(3,3) b: + 3^  Cp(2,2) a'] W a^b
^eL(12,24) = ~  [Cp(2,D + 9Cp(3,3) ] W^a^b"^ +
YY [Cp(2,2a: + Cp(3,3bM] W^ad^
^ eL (14,14) = S^ab
^eL(14,15) = S abxy
^eL(14,16) = S ^ a d
^eL(14,17) = Y + S a )  ab
^eL(14,17) = S^ab'
^eL (14,19) = S ^ a d
S l (14,20) = I a:b: + ^  S a'b
3 xy
^eL(14,21) = Y  S^ab: + | S^^ad^
^eL(14,22) = S^yab:
^eL(14,23) = Y (2 S^b + S^^a) a d
^eL(14,24) = j  (S^b + S a )  ab^
^eL(15,15) = S ab
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^eL(15,16) = S a^bxy
^ eL (15,17) = y  (S b + a) abz xy y
^eL(15,18) = Sy ab:
^eL (15,19) = a d
^eL (15,20) = i S a:b: + ^  S a d
^ xy j y
^eL (15,21) = I  S^ab: + 1  Sy a:b=
^eL(15,22) = Syab:
^eL (15,23) = I (2 S^y b + Sya) a d
^eL (15,24) = j  (S b + 2 S,, a) ab^xy y
^eL (16,16) = I a d
^eL(16,17) = Y S a d :  + | a d
 ^ ^ o xy
^eL(16,18) = S^y a:b:
^eL(16,19) = I a'^ b
^eL (16,20) = I a d :  + i S a^b
^eL(16,21) = ^ (S^ b + 2 a) a:b:o X xy
^eL (16,22) = S_, a:b:
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^eL(16,23) = I a V  + | a^b
^eL(16,24) = I  a d ^  + |  a d ^
^ eL(17,17) = Y (^x + Sya:) ^b + |  S a:b:
^eL(17,18) = Y  ®xy + | ®y
^eL (17,19) = a d :  + |  a S
^eL(17,20) = I  a:b: + I Sy a S  + I  S^y a d :
^eL(17,21) = I  ab'^  + I S^y a:b: + 1 Sy a d :
^eL (17,22) = I  S^y ab'^  + §  ®y
^eL(17,23) = j  S^ a d ^  + |  S ^  a V  + | Sya^b
^eL(17,24) = I  ab^ + I &:b'^ + 1 Sy a d ^
^eL(18,18) = Y SySb:
^eL (18 ,19) = S^y a d :
^eL(18,20) = Y (2S^yb + Sya) a:b:
^eL(18,21) = Y  ®xy + § Sy a:b:
^eL(18,22) = Y ^y ab^
^eL(18,23) = Y ®xy + % S a S :
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^eL (18,24) = I  S^y ab^ + |  S y à d ^
^eL(19,19) = I  a^b
^eL (19,20) = I a^b: + J  S^y a^b
^eL (19,21) = Y a d :  + 1  a'^ b:
^eL(19,22) = S^y a:b:
Sl(19,23) = 3^  a S =  + i  S^y a S
S l (19,24) = i a>b4 + 1 a S =
S l (20,20) =  I S ^ a ' b '  + i a ^ b '  +  | S  a " b
Sl(2Q,21) = J (S^ b' + Sya:) 3:%, + | a'b'
S l (20,22) = I Sjjy a=b4 + y Sy a^ t,:
Sl(20,23) = y  (3S^ b' + Sy a:) a S  + j  S a"b:
Sl(20,24) = i  S^a:b= + 3^  S^y a',,^ + | S^y a S :
S l  (21,21) = i  ab= + i S^y a=b4 + 1  Sy a'b:
S i  (21,22) = I  S^y ab" + I Sy a:b4
S l (21,23) = I a:),4 + ^  S^y a S =  + | S y d S ’
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e^X, (21,24) = Y  + I  a d ^  + §
^ e L (22,22) = |  S^ ab^
^eL (22,23) = j  (3 S ^ h  + S^ a) a d ^
^el,(22,24) = I S^y ab^ + A  ®y
^eL(23,23) = | a^b^ + |  a S =  + y  Sy a \
^eL(23,24) = | (S^b^ + Sya^ ) a d ^  + |  S^y a^b^
^eL(24,24) = ^ ab"^  + |  a d ®  + §  ®y
Where ;
W^ is the rotation in X-direction
Wy is the rotation in Y-direction
S  = ? W% "x + ? W y W y S ' " ' " ’
S y  =  I  WyWyS'"'"’ +  I W% " x  S'"'"’
"xy = I Wy [Cp'"'^ ’ + S'"'"”
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C.3 GEOMETRIC 'STIFFNESS MATRIX;
The geometric stiffness matrix is obtained based 
on. the effect of the external load edge stresses ax, ay, and 
ctxy as presented in 4.4.5. The expression of the geometric 
stiffness matrix is given according to equation 4.38, as 
follows ;
■ X[ Kg] = [a "^]^ [G]^ [S] [G] [A~^] dv (C.9)
where [A] is independent on the x and y as mentioned in the 
linear stiffness matrix. Then, the equation (c.9) can be 
written as :
[Kg] = [a "^]'^ ( ^[G]^ [S] [G] dv) [a "^] (C.IO)
where [S] and [G] are defined respectively as:
CXx T.jjy
[S] = I I (C.ll)
^xy ^y
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[G]
o o
o o
o o
o o
o o
o o
o o
o o
o o
o o
o o
o o
o o
1
2
o
• 1o
2
X o
1 , 1
2 ^ 2 ^
3 .
2 ^ y
xy o
1 1 2
2 = y 2 ^
2 ^
xy
3 2o
2 ^
I
3
j y 2:V
(C.12)
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The equation C.IO can be written as:
[Kg] = [a“^]^ [Kg] [a“^] (C.13)
where [Kg] = h f f  [S] (G] dx dy (C.14)
The following expressions give the non zero elements of the upper 
upper half of the geometric stiffness matrix:
^G(14,14) ^
Wg (14,1S) “ "xy
Wg (14,16) =
^G(14,17) “ 2 '"x * "xy ^
^G(14,18) = "xy
^G(14,19) = "x
Wg (14,20) = i  "x a'f' + I "xy
« G (14,211 = T  "x 4. I  S^y a=b:
^G(14,22) ^xy ab^
^G(14,23) 4 (2 S^b + S^^a) a d
Kg(14,24) = k  <"x*^  + 2 S^ya) ab:
Wg (15,15) = "x
Kg(15,16) = S^y a d
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^G(15,17) = è <S=cy ^ V
^G(15,18)
^G(15,19) ®xy
^G(15,20) " 2 ^xy 1 ®y
^G(15,21) 3..-®xy 2 ^y
^G(15,22) ^y
^G(15,23) 4 ^xy ^ '*' ^y^^
^G(15,24) = I ( V  ■" ^
^G(16,16) = I ^x
^G(16,17) 2 ^x 3 ®xy
^G(16,18) ^xy ^ ^
^G(16,19) 2 ^x ^ ^
^G(16,20) = § ^'b= + § S ^  a S
«6(16,21) = i + 2S^a) a'b:
^G(16,22) " ^xy ^ ^
^G(16,23) ^ 4 ®x ^ s’ ^xy ^ ^
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«6(16,24) 4 * 3
«6(17,17) = § (S^b: + S^a') ab + |s^ya=b=
«6(17,18) ” 3 ® x y ^ ’ 2 ®y
«6(17,19) ^ 2 4 ®xy ®
«6(17,20) = I  ®x + i  Sy a«b + i  S ^  a'b'
«6(17,21) = % =x "b" + § a'b' + i Sy a'b'
«6(17,22) ” 4 ^xy ^  2 ®y
K g (17,23) = 3 S^a^b^ + j  a V  + i  a^b
«6(17,24) = i  ^ x^^' + i =xy"'b" + i S^a'b'
«6(18,18) = I  V * " ’
TC = S a,^^G(18,19) xy
^0(18^20) = i  V  +
^G(18,21) 2 ^xy^^ 3 ^y
^G(18,22) 2 ^y
«6(18,23) = I =xy + ?V^'='
«6(18,24) = I ®xy^  ^ + I V ' "
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^G(19,19) ^ s' ^
^G(19,.20) ^ 4 ^x^ 5 ®xy^ ^
^G(19,21) =
^ G (19,22) ^ ^xy
^G(19,23) ^ ÎÔ ®x^ 2 ®xy^ ^
^G(19,24) T ®xy^
^G(20,20) "9 2 ^ xy ^ F ^y^^^
^G(20,21) = i(S^b=+Sya')a'b= + # S ^ a = b 3
^G(20,22) 4 ^xy^^^ I
^G(20,23) = i + S^a:)aS + § S ^  a^b'
^G(20,24) = i ^x -" è  Sxy ^ S^^a^b'
^G(2i,2i) = + i  V " '  +
^G (21,22) “ s' ^xy^^ ?  ^ y^ ^
^G(21,23) =
^G(21,24) = + i^xy"'^' +
^G(22,22) " 5 ^y^^
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«G(22,23) = ? '3 S^yb + Sya) a'b'
«G (22,24) = i
«G(23,23) = I + i S ^ a S '  + i Sya’b
«G(23,24) = J + y  + § S ^ y a V
«G(24,24) = 7  + i ^ x y  + f S^a^b^
where :
®x = h
Sy = h Cy
®xy ^ ''' xy
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APPENDIX (D)
•FLOW■CHART'FOR COMPUTER PROGRAM
NE Number of Elements
NN Number of Nodes
NU Number of degrees of freedom
NEW Band width
NOP Number of Plate components
FPl In-plane incremental compression load
FP2 Out-of-plane load causing the imperfection
A, Element Dimensions in X and Y directions
B, and thickness respectively for each
Th plate component
T Cos of the angles between the local and
global axes for each plate component
E Young’s modulus of elasticity for steel
erection
V S Poisson’s ratio of steel section
Eo Young’s modulus of elasticity of grainS material
SGYL Yield Stress
r
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
—208—
J = 1
-'-'’Jf No, of
Iteration
J = J +  1 ^ ---
The master stiff­
ness matrix equal 
to the linear one 
+ geometric stiff­
ness matrix using 
the computed
stresses and dis­
placement from the 
previous step
The master stiff­
ness matrix equal 
to the linear 
stiffness matrix
f
Introduce thi 
the grain re< 
master stiff:
e effect of 
action in the 
less matrix
Solve for displ
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Assign degree 
for each
of freedom 
node
’
Numeratre elements for each 
plate component and its nodal 
points
'
Calculate the L 
Stiffness Matri 
Stiffness
inear Element 
X, then Master 
Slatrix
f STOP 1
I: No. of
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J.EQ.No. of 
iteration
/  IF\ 
Stress 
LT.the 
V yield , 
^treas
K=K + 1
Calculate the corresponding 
stresses
Correct the fail­
ed stiffness 
matrix according 
to the plastic 
relations
Correct the total
stiffness matrix 
according to the 
failed element 
stiffness matrix 
correction
Calculate the actual 
load corresponding to 
the calculated displace 
ment
Calculate the differ­
ence between the actual 
load and the calculated 
one and consider that 
difference is the 
applied load for the 
next step
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LF
Write the incremental
displacement and /
istresses and the h
\total displ- and /
\ stress_______
Solve, for Displ.
Calculate the 
corresponding 
stress
Calculate the total 
incremental displ. and 
corresponding stress
Fig. D.l Flow Chart
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